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Abstract
Let X be a del Pezzo surface of degree d, and assume that X is
general if d = 1. We prove that the spaces M0,0
(
X, β
)
are either
empty or irreducible, if (d, β) 6= (1,−KX). When (d, β) = (1,−KX) it
is well known that M0,0
(
X, β
)
consists of twelve reduced points.
Introduction
Let X be a del Pezzo surface. If the degree of X is one, assume that X
is general. Let β ∈ H2
(
X,Z
)
be the class of a curve on X. Denote by
R(β) the subscheme of the linear system |β| consisting of the integral nodal
curves of geometric genus zero. The Kontsevich mapping space M0,0
(
X,β
)
is a natural compactification of the space R(β). Some care is required, since
the mapping spaces in general have more irreducible components than the
corresponding spaces R(β), arising from degenerate configurations of curves
on the surface. In fact it may happen that R(β) = ∅, whileM0,0
(
X,β
)
6= ∅.
The mapping spaces parametrize the set of all (stable) maps to the sur-
face X from possibly reducible curves. The domain curves of the maps in
M0,0
(
X,β
)
are connected and nodal, have all components isomorphic to
P1 and the components are attached in such a way that the resulting topo-
logical space is simply connected. We refer to such a domain curve as a
“rational tree.” Taking the image of a map yields a morphism FC from
(the semi-normalization of) M0,0
(
X,β
)
to the closure in |β| of R(β) (see
[Ko] Section I.6).
Let Mbir
(
X,β
)
be the closure of the subspace of M0,0
(
X,β
)
consisting
of morphisms f : C → X, with C ≃ P1 and f birational onto its image. In
many interesting cases it is true and easy to check that the map FC defined
above is in fact birational, when restricted to Mbir
(
X,β
)
.
1
2The main result of this paper is that the spaceMbir
(
X,β
)
is irreducible
or empty, except in the case where X has degree one and β = −KX .
The idea of the proof is straightforward. First, prove that in the bound-
ary of all the irreducible components of Mbir
(
X,β
)
there are special mor-
phisms of a given type (called in what follows “morphisms in standard
form”). Second, show that the locus of morphisms in standard form is
connected and contained in the smooth locus of Mbir
(
X,β
)
.
From these two facts we conclude immediately that the smooth locus of
Mbir
(
X,β
)
is connected. Since the smooth locus is dense, we deduce that
Mbir
(
X,β
)
is irreducible.
The methods used in the proof are of two different kinds. First, there
are general techniques, mainly Mori’s Bend and Break Theorem, to break
curves into components with low anticanonical degree. In the case where
X is the projective plane, this shows that we may specialize a morphism in
Mbir
(
X,β
)
so that its image is a union of lines. Second, we need explicit
geometric arguments to deal with the low degree cases. Again, in the case
of the projective plane, this step is used to bring the domain to a standard
form (a chain of rational curves, rather than a general rational tree), while
preserving the property that the image of the morphism consists of a union
of lines.
To analyze the curves of low anticanonical degree on a del Pezzo sur-
face, we need a detailed description of their divisor classes in Pic(X). In
particular, we use the group of symmetries of the Picard lattice to reduce
the number of cases to treat. Section 2.3 is devoted to this analysis.
Two technical deformation-theoretic tools prove useful. The first is a
description of the obstruction space of a stable map to a smooth surface
in terms of combinatorial invariants of the map. This is proved in Section
1.2. The second is a lifting result that allows us, given a deformation of
a component of a curve, to get a deformation of the whole curve. The
statement is proved in Lemma 1.28 and the construction following it is the
way in which we are typically going to use it. This is specific to the surface
case. The lifting result allows us to deform a map with reducible domain
by deforming only a few components at a time. This is done systematically
in Section 3.1. We are therefore able to reduce the general problem to
relatively few special cases, cf. Theorem 4.5. The explicit computation of
the obstruction spaces allows us to prove that in the deformations performed
we never move to a different irreducible component of the moduli space.
The connectedness of the locus of morphisms in standard form is a con-
sequence of some explicit computations, some of which are reformulations of
classical geometric statements, such as the fact that the ramification locus
CONTENTS 3
of the projection from a general point on a smooth cubic surface in P3 is a
smooth plane quartic curve. This is the content of Section 4.2, but see also
Section 4.1.
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1 Cohomology Groups and Obstruction Spaces
1.1 Rational Trees
The purpose of this section is to prove some general results which are useful
to compute the cohomology groups of coherent sheaves on rational trees.
Definition 1.1 A rational tree C is a connected, projective, nodal curve of
arithmetic genus zero. If C is a rational tree, we call a component E of C
an end if E contains at most one node of C.
Definition 1.2 Given a connected projective nodal curve C, define the dual
graph of C to be the graph ΓC whose vertices are indexed by the components
Ci of C and whose edges between the distinct vertices [Ci] and [Cj ] are
indexed by {p ∈ Ci ∩ Cj}.
Remark. A connected projective nodal curve C is a rational tree if and only
if all its components are smooth rational curves and its dual graph ΓC is a
tree (for a proof see [De]).
Lemma 1.3 Let C be a rational tree, and let ν : C˜ → C be the normaliza-
tion of C at the points {p1, . . . , pr} ⊂ Sing(C); denote by ι : {p1, . . . , pr} →֒
C the inclusion morphism. For any locally free sheaf F of finite rank on C
we have the following short exact sequence of sheaves on C:
0 −→ F −→ ν∗ν
∗F −→ ι∗F|{p1,...,pr} −→ 0
Remark. From now on, we may sometimes denote the sheaf ι∗F|{p1,...,pr}
simply by ⊕Fpi , and similarly for the pushforwards of sheaves on irreducible
components of a curve.
Proof. Consider the sequence defining the sheaf Q:
0 −→ OC −→ ν∗OC˜ −→ Q −→ 0 (1.1)
Since ν is an isomorphism away from the inverse image of the pi’s, it
follows that Q is supported at the union of the pi’s. We now want to prove
that Qpi is a skyscraper sheaf, i.e. that it has length one. Since this is
a local property, it is enough to check it when C has a unique node. In
this case, C is the nodal union of two smooth P1’s, and C˜ is their disjoint
union. Since the normalization map is finite, it is affine, and therefore
Hj(ν∗OC˜ , C) ≃ H
j(OC˜ , C˜). Therefore the long exact sequence defining Q is
given by
0 −→ k −→ k + k −→ Q −→ 0
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and we deduce that the length of Q is 1. Thus it follows in general that
Q = ⊕Opi , the direct sum of the skyscraper sheaves of the nodes p1, . . . , pr.
Let us now go back to the sequence (1.1). Since the sheaf F is locally
free, we may tensor the sequence by F , preserving exactness. To identify
the tensor product in the middle we use the projection formula:
ν∗OC˜ ⊗F
∼= ν∗(OC˜ ⊗ ν
∗F) ∼= ν∗(ν
∗F)
and we may therefore write the tensored sequence as
0 −→ F −→ ν∗ν
∗F −→ ⊕
i
Fpi −→ 0
thus proving the lemma. ✷
Given a rational tree C and a node p ∈ C, construct a new curve C ′
as follows: consider the normalization of ν : C˜ → C of C at the point p,
and let {p1, p2} = ν
−1(p). Attach to C˜ a smooth rational curve E so that
C˜ ∩ E = {p1, p2} and C
′ := C˜ ∪ E is a nodal curve. Clearly we have a
morphism π : C ′ → C, which is an isomorphism away from E and contracts
E to the node p. We call the morphism π the contraction of E. The curve
C ′ so obtained is called the “total transform” of C at the node p and E the
“exceptional component.”
Lemma 1.4 Let C be a rational tree, and let F be a locally free coherent
sheaf on C. Let π : C ′ → C denote the total transform of C at a node p ∈ C;
then H1(C,F) ∼= H1(C ′, π∗F).
Proof. The result follows immediately from the Leray’s spectral sequence
associated to the map π and the fact that Riπ∗(OC′) = 0, for i > 0. ✷
Lemma 1.5 Let C be a rational tree and let F be a locally free sheaf on
C. Suppose that C = C1 ∪ C2, where C1 and C2 are unions of components
having no components in common. Let {p1, . . . , pr} = C1∩C2 be the nodes of
C lying on C1 and C2. If h
1(C1,F|C1(−p1− . . .−pr)) = 0, then H
1(C,F) ∼=
H1(C2,F|C2).
Proof. Simply consider the long exact sequence associated to the “compo-
nent sequence”
0 −→ F|C1(−p1 − . . .− pr) −→ F −→ F|C2 −→ 0
where the first map is extension by zero and the second map is restriction.
✷
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Corollary 1.6 Let C be a rational tree and let R ⊂ C be a connected union
of irreducible components of C. Let F be a locally free sheaf on C such that
the restriction of F to each irreducible component of C which is not in R is
generated by global sections. Then h1(C,F) = h1(R,F|R).
Proof. Proceed by induction on the number ℓ of irreducible components of
C not in R. If ℓ = 0, there is nothing to prove. Suppose ℓ ≥ 1. Let C1 be
an end of C which is not an end of R, and let p ∈ C1 be the node. The
existence of such a component is easy to prove: since R is a proper subcurve
of C, there must be a node of C where R meets a component not in R.
Removing this node disconnects C into a connected component containing
R and a connected component K disjoint from R. Clearly an end C1 of
the component K (different from the one meeting R if there is more than
one end) is then also an end of C not contained in R. Since C1 is a smooth
rational curve, F|C1 ≃
⊕
O(aj), with aj ≥ 0, thanks to the fact that F|C1 is
globally generated. In particular h1(C1,F(−p)) = 1, and it is clear that we
can now apply Lemma 1.5 to remove the component C1 without changing
h1 and conclude using induction. ✷
The last lemma of this section is an explicit computation of the coho-
mology of a locally free sheaf on a curve which will be extremely useful in
the later sections.
Lemma 1.7 Let C be a rational tree and f : C → S a morphism to a
smooth surface. Let p ∈ C be a node, denote by Ca and Cb the two irreducible
components of C meeting at p. Let ν : C˜ → C be the normalization of C at
p and let f˜ = f ◦ ν. Suppose that:
1. the valences of the vertices Ca and Cb in the dual graph of C are at
most 3, and
2. the map f∗ : TCa,p + TCb,p −→ TS,f(p) is surjective.
Then
H1(C, f∗TS) ∼= H
1(C˜, f˜∗TS)
Proof. Consider the sequence on C
0 −→ f∗TS −→ f˜
∗TS
ε
−→ TS,f(p) −→ 0
Because TS,f(p) is supported in dimension 0, H
1(C,TS,f(p)) = 0, and it is
enough to prove that the sequence is exact on global sections. Let {p, qa, ra}
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contain all the nodes of C on Ca and let {p, qb, rb} contain the nodes on Cb.
Consider now the following diagram:
0

0

TCa(−p− qa − ra)⊕ TCb(−p− qb − rb)

f∗TS

TCa(−qa − ra)⊕ TCb(−qb − rb)
α

// f˜∗TS
ε

TCa,p ⊕ TCb,p

f∗
// TS,f(p)

0 0
where the unlabeled horizontal map is extension by zero. Since Ca and Cb
are rational curves, their tangent bundles have degree 2 and α is surjective
on global sections; f∗ is surjective by assumption. It follows that ε is also
surjective on global sections. ✷
Remark. The second condition in the lemma is certainly satisfied if f |Ca and
f |Cb are birational and the intersection of f(Ca) and f(Cb) is transverse at
f(p).
1.2 The Conormal Sheaf
Let f : C → X be a morphism from a connected, projective, at worst nodal
curve C to a smooth projective variety X.
Definition 1.8 The morphism f : C → X is called a stable map if C is a
connected, projective, at worst nodal curve and every contracted component
of geometric genus zero contains at least three singular points of C and every
contracted component of geometric genus one contains at least one.
We are interested in computing the obstruction space to deforming the
stable map f : C → X. Let f∗Ω1X → Ω
1
C be the natural complex of
sheaves associated with the differential of f and where the sheaf f∗Ω1X is
in degree -1 and the sheaf Ω1C is in degree 0. We know that the stability
condition is equivalent to the vanishing of the group Hom
(
f∗Ω1X → Ω
1
C ,OC
)
.
The tangent space to M0,0
(
X,β
)
at f is given by the hypercohomology
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group Ext1
(
f∗Ω1X → Ω
1
C ,OC
)
. The obstruction space is a quotient of the
hypercohomology group Ext2
(
f∗Ω1X → Ω
1
C ,OC
)
. Denote by L•f the complex
f∗Ω1X → Ω
1
C , where the first sheaf is in degree -1 and the second one is in
degree 0. Our strategy to compute these groups is to use the short exact
sequence of complexes of sheaves:
(0→ 0)
(
0→ Ω1C
)
(
f∗Ω1X → Ω
1
C
)
(
f∗Ω1X → 0
)

(0→ 0)
Applying the functor Hom(−,OC) and using the long exact hypercoho-
mology sequence we obtain:
0 // Hom
(
L•f ,OC
)
// Hom(0→ Ω1C ,OC)
// Ext1(f∗Ω1X → 0,OC )
// Ext1
(
L•f ,OC
)
// Ext1(0→ Ω1C ,OC)
// Ext2(f∗Ω1X → 0,OC )
// Ext2
(
L•f ,OC
)
// Ext2(0→ Ω1C ,OC)
We can now rewrite many of these terms. First of all, the stability
condition is equivalent to Hom
(
L•f ,OC
)
= 0. Also, remembering the fact
that all the complexes are concentrated in degrees −1 and 0, and using the
fact that f∗Ω1X is locally free, that its dual is f
∗TX and the isomorphisms
Exti(f∗Ω1X ,OC) ≃ H
i(C,TX) we obtain the sequence
0 // Hom(Ω1C ,OC)
// H0(C, f∗TX) // Ext
1
(
L•f ,OC
)
//
// Ext1(Ω1C ,OC)
// H1(C, f∗TX) // Ext
2
(
L•f ,OC
)
// 0
(1.2)
In particular we see that if H1(C, f∗TX) = 0, then the obstruction group
Ext2
(
L•f ,OC
)
vanishes as well, i.e. the map is unobstructed, the space of
stable maps has the expected dimension at f and the point represented by
f is smooth (for the stack).
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If we consider the dual sequence of (1.2) and use Serre duality we obtain
the sequence
0 //
(
Ext2
)∨ // H0(C, f∗Ω1X ⊗ ωC) α // H0(C,Ω1C ⊗ ωC) //
//
(
Ext1
)∨ // H1(C, f∗Ω1X ⊗ ωC) // H1(C,Ω1C ⊗ ωC) // 0
It is easy to convince oneself that the morphism α is the morphism
induced by the differential map df : f∗Ω1X −→ ΩC , by tensoring with the
dualizing sheaf and taking global sections. Associated to f we may define
the sheaves Cf and Qf on C, by requiring the following sequence to be exact:
0 // Cf // f∗Ω1X
df
// Ω1C
// Qf // 0 (1.3)
Since the dualizing sheaf ωC is locally free, tensoring by ωC is exact and
taking global sections is left exact. From these remarks we deduce that
H0
(
C, Cf ⊗ ωC
)
≃ Ext2
(
L•f ,OC
)∨
and we conclude that in order to compute the obstruction space of f , it is
enough to compute the global sections of the sheaf Cf ⊗ ωC .
Definition 1.9 The sheaf Cf defined in (1.3) is the conormal sheaf of f .
We drop the subscript f , when the morphism is clear from the context.
Definition 1.10 A sheaf F on a scheme of pure dimension one is pure if
the support of every non-zero section has pure dimension one.
It is clear that a locally free sheaf is pure. In fact, any subsheaf of a
locally free sheaf is pure, and more generally any subsheaf of a pure sheaf is
pure. In particular, the sheaves Cf defined in (1.3) are pure.
Definition 1.11 A point p ∈ C is called a break for the morphism f (or
simply a break), if the sheaf Cf is not locally free at p. We say that the
morphism f has no breaks if the sheaf Cf is locally free.
It is clear from the definition that a smooth point of C is never a break.
Definition 1.12 Suppose the morphism f is finite. A point p ∈ C is called
a ramification point, if it belongs to the support of the sheaf Qf . We call
ramification divisor of f the (Weil) divisor whose multiplicity at p ∈ C is
the length of Q at p.
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Let f1 : C1 → X and f2 : C2 → X be non-constant morphisms from
two smooth curves to a smooth surface. Suppose p1 ∈ C1 and p2 ∈ C2 are
points such that f1(p1) = f2(p2) = q, let u and v be local coordinates on X
near q and let x1 and x2 be local parameters for C1 and C2 near p1 and p2
respectively. Since f1 and f2 are not constant, there exist integers k1 and
k2 such that
f∗1 :
 u 7−→ x
k1
1 U1(x1)
v 7−→ xk11 V1(x1)
f∗2 :
 u 7−→ x
k2
2 U2(x2)
v 7−→ xk22 V2(x2)
and
(
U1(0), V1(0)
)
,
(
U2(0), V2(0)
)
6= (0, 0). We call a tangent vector to Ci
at pi any non-zero vector in TqX proportional to
(
Ui(0), Vi(0)
)
, and tangent
direction to Ci at pi the point in P (TqX) determined by a tangent vector
to Ci at pi. Geometrically, we may easily associate to each smooth point
of fi(Ci) a tangent vector in the same way we did above, and then the
tangent direction at any point is simply the limiting position of the tangent
directions at the smooth points.
We say that C1 and C2 are transverse at the point q = fi(pi) ∈ X if their
respective tangent directions at p1 and p2 are distinct and we will say that
C1 and C2 are not transverse at the point q ∈ X if the tangent directions
coincide.
Finally, we say that the morphism fi is ramified at pi on Ci if ki > 1
and we say it is unramified at Ci if ki = 1.
Lemma 1.13 Let fi : Ci → X, i ∈ {1, 2} be two non-constant morphisms
from two smooth curves to a smooth surface X and let p1 ∈ C1 and p2 ∈ C2
be points such that f1(p1) = f2(p2) = q. Denote by f˜1 and f˜2 the morphisms
induced by f1 and f2 from each curve to the blow-up of X at q, and assume
f˜1(p1) = f˜2(p2) = q˜. Then the following conditions are equivalent:
1. f˜1 and f˜2 are unramified at q˜ and C1 and C2 are transverse at q˜;
2. after possibly renumbering the curves C1 and C2, there are coordinates
u, v on X near q and xi on Ci near pi such that
f∗1 :
 u 7−→ x1U1(x1)v 7−→ x31V1(x1) U1(0) 6= 0
f∗2 :
 u 7−→ x
m
2 U2(x2)
v 7−→ xm+12 V2(x2)
U2(0), V2(0) 6= 0
m ≥ 1
(1.4)
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Proof. Suppose we are given coordinates so that the fi’s are given by (1.4).
Let b : X˜ → X be the blow-up morphism. Let u˜ := b∗u, and note that
near the point q˜ the function u˜ is a local equation for E := b−1(q), since the
tangent vector to the curve locally defined by the vanishing of u is (0, 1),
while a tangent vector to the curve C1 at q is (1, 0). It follows that we may
write b∗v = u˜ · v˜, and u˜, v˜ is a local system of parameters on X˜ at q˜ such
that b and its rational inverse b−1 are given by:
b∗ :
{
u 7−→ u˜
v 7−→ u˜v˜
(b∗)−1 :
{
u˜ 7−→ u
v˜ 7−→ v/u
(1.5)
Thus the morphisms f˜i : Ci → X˜ are given by
f˜∗1 :
 u˜ 7−→ x1U1(x1)v˜ 7−→ x21 V1(x1)U1(x1) U1(0) 6= 0
f˜∗2 :
 u˜ 7−→ xm2 U2(x2)v˜ 7−→ x2 V2(x2)U2(x2) U2(0), V2(0) 6= 0
Clearly these maps are unramified at xi = 0 and since (1, 0) and (⋆, 1) are
tangent vectors at q˜ to C1 and C2 respectively, the maps are also transverse
at q˜. This simple computation proves the first half of the lemma.
Suppose conversely that in the blow-up X˜ of X at q, the curves C1 and
C2 meet transversely at the point q˜ = f˜i(pi) ∈ X˜. Fix coordinates x1 on C1
at p1 and x2 on C2 at p2, and choose coordinates u, v near q and u˜, v˜ near
q˜ such that (1.5) are the equations of the blow-up morphism. We have
f˜∗1 :
{
u˜ 7−→ xk11 U1(x1)
v˜ 7−→ xk11 V1(x1)
f˜∗2 :
{
u˜ 7−→ xk22 U2(x2)
v˜ 7−→ xk22 V2(x2)
with
(
U1(0), V1(0)
)
,
(
U2(0), V2(0)
)
linearly independent. By changing v to
v− V1(0)
U1(0)
u and v˜ to v˜− V1(0)
U1(0)
u˜, we may assume that V1(0) = 0, while preserving
the equations of b. With these assumptions, (1, 0) and (⋆, 1) are tangent
vectors at q˜ to C1 and C2 respectively. Moreover, since f˜i is not ramified at
pi, necessarily ki = 1. We have therefore
f˜∗1 :
{
u˜ 7−→ x1U1(x1)
v˜ 7−→ x21V 1(x1)
f∗1 = f˜
∗
1 ◦ b
∗ :
{
u 7−→ x1U1(x1)
v 7−→ x31U1(x1)V 1(x1)
=⇒
f˜∗2 :
{
u˜ 7−→ x2U2(x2)
v˜ 7−→ x2V2(x2)
f∗2 = f˜
∗
2 ◦ b
∗ :
{
u 7−→ x2U2(x2)
v 7−→ x22U2(x2)V2(x2)
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where U1(0), V2(0) 6= 0.
In order to conclude we still need to show that U2(x2) is not identically
zero, but this is clear, since otherwise the morphism f2 would be constant
(i.e. the morphism f˜2 would map C2 to the exceptional divisor E). ✷
Definition 1.14 In the situation described by the previous lemma, the two
curves C1 and C2 are simply tangent at q.
We will see later (Lemma 1.16) that being simply tangent is closely
related to the local structure of the conormal sheaf.
Lemma 1.15 Suppose that X is a smooth surface and let f : C → X be
a morphism from a curve C consisting of two irreducible components C1
and C2, meeting in a node p. Denote by fi the restriction of f to Ci and
by pi ∈ Ci the point p ∈ C, and suppose that f does not contract any
component of C and that C1 and C2 meet transversely at f(p). Then there
are the following cases:
1. Both maps f1 and f2 are unramified at p.
Then Cf is locally free and the following sequence is exact
0 // Cf // Cf1(−p)⊕ Cf2(−p) // Cf,p // 0
2. fi is unramified at p on Ci and f3−i is ramified at p on C3−i (i ∈ {1, 2})
Then Cf is not locally free (i.e. p is a break point) and
Cf ∼= Cfi(−p)⊕ Cf3−i(−2p)
3. Both maps f1 and f2 are ramified at p.
Then Cf is not locally free and
Cf ∼= Cf1(−p)⊕ Cf2(−p)
Proof. We can write
f∗ :
 u 7−→ x
k1U1(x) + y
k2U2(y)
v 7−→ xl1V1(x) + y
l2V2(y)
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where l1 > k1, k2 > l2 and U1(0), V2(0) 6= 0. We thus have
OC,p · du+OC,p · dv
df
//
(
OC,p · dx+OC,p · dy
)
/
(
ydx+ xdy
)
du // xk1−1
(
k1U1(x) + xU
′
1(x)
)
dx+ yk2−1
(
k2U2(y) + yU
′
2(y)
)
dy
dv // xl1−1
(
l1V1(x) + xV
′
1(x)
)
dx+ yl2−1
(
l2V2(y) + yV
′
2(y)
)
dy
In order to simplify this expression, let us define α1 to be the invertible
function k1U1(x) + xU
′
1(x) and α2 to be the invertible function l2V2(y) +
yV ′2(y). Choosing
du
α1
and dv
α2
as a basis for the OC,p−module f
∗Ω1X,p we may
write
du
α1
// xk1−1dx+ yk2−1ϕ(y)dy
dv
α2
// xl1−1ψ(x)dx + yl2−1dy
Note that
yk2−1ϕ(y) =
yk2−1
k1U1(0)
(
k2U2(y) + yU
′
2(y)
)
xl1−1ψ(x) =
xl1−1
l2V2(0)
(
l1V1(x) + xV
′
1(x)
)
The elements of the kernel of df are determined by the condition
f1(x, y)
du
α1
+ f2(x, y)
dv
α2
7−→ r(x, y)
(
ydx+ xdy
)
which translates to
xk1−1
(
f1(x, y) + x
l1−k1f2(x, y)ψ(x)
)
= yr(x, y) = yr(0, y)
(1.6)
yl2−1
(
yk2−l2f1(x, y)ϕ(y) + f2(x, y)
)
= xr(x, y) = xr(x, 0)
We are now going to split the three cases.
Case 1. In this case k1 = l2 = 1, and equation (1.6) becomes
f1(x, y) + x
l1−1f2(x, y)ψ(x) = yr(x, y) = yr(0, y)
yk2−1f1(x, y)ϕ(y) + f2(x, y) = xr(x, y) = xr(x, 0)
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This clearly implies that neither f1 nor f2 have constant term and hence
we may write f1(x, y) = xg1(x)+ yh1(y) and f2(x, y) = xg2(x)+ yh2(y) and
we have
yh1(y) + x
(
g1(x) + x
l1−1g2(x)ψ(x)
)
= yr(x, y)
xg2(x) + y
(
yk2−1h1(y)ϕ(y) + h2(y)
)
= xr(x, y)
Therefore
xg1(x) = −x
l1g2(x)ψ(x)
yh2(y) = −y
k2h1(y)ϕ(y)
yh1(y) = yr(x, y)
xg2(x) = xr(x, y)
and near p all elements of the kernel of df are multiples of
κ :=
(
−xl1ψ(x) + y
)du
α1
+
(
x− yk2ϕ(y)
)dv
α2
It is very easy to check that κ is also in the kernel of df . This in particular
implies that Cf is locally free near p. The restriction of κ to C1 (which is
defined near p by y = 0) is
−xl1ψ(x)
α1
du+
x
l2V2(0)
dv =
x
l2V2(0)
−xl1−1
(
l1V1(x) + xV
′
1(x)
)
U1(x) + xU ′1(x)
du+ dv

On the other hand, the restriction of f to C1 is given by
f∗1 :
 u 7−→ xU1(x)v 7−→ xl1V1(x)
and the kernel of df1 is clearly generated by
−xl1−1
(
l1V1(x) + xV
′
1(x)
)
U1(x) + xU ′1(x)
du+ dv
Thus Cf1(−p) is generated near p by the same generator of Cf |C1 . Simi-
larly, Cf2(−p) and Cf |C2 have the same generator near p. Hence 1 follows.
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Case 2. Let us go back to equation (1.6) and substitute k1 = 1 and l2 ≥ 2:
f1(x, y) + x
l1−1f2(x, y)ψ(x) = yr(x, y) = yr(0, y)
yl2−1
(
yk2−l2f1(x, y)ϕ(y) + f2(x, y)
)
= xr(x, y) = xr(x, 0)
This implies that r(x, 0) = 0, i.e. r(x, y) = yr(y). Thus we have
f1(x, y) = xg1(x)+ y
2r(y), and finally f2(x, y) = xg2(x)− y
k2−l2+2ϕ(y)r(y).
Substituting back, we find
xg1(x) + x
l1g2(x)ψ(x) = 0
Therefore xg1(x) = −x
l1g2(x)ψ(x) and near p the kernel of df is gener-
ated by
x
(
−xl1−1ψ(x)
du
α1
+
dv
α2
)
and y2
(
du
α1
− yk2−l2ϕ(y)
dv
α2
)
(as before, it is very easy to check that these elements lie indeed in the kernel
of df).
We thus see that Cf is not locally free near p; since clearly the terms
in brackets in the previous expression are local generators for Cf1 and Cf2
respectively near p, we deduce that Cf ∼= Cf1(−p)⊕Cf2(−2p). Thus 2 follows.
Case 3. Once more we refer to (1.6), now with k1, l2 ≥ 2. In this case, the
equations imply that r(x, y) = 0, and thus f1(x, y) = −x
l1−k1f2(x, y)ψ(x) +
yh1(y). Substituting back in (1.6), we find
yl2−1
(
yk2−l2+1h1(y)ϕ(y) + f2(x, y)
)
= 0
i.e. f2(x, y) = xg2(x)− y
k2−l2+1h1(y)ϕ(y) and therefore
f1(x, y) = −x
l1−k1+1g2(x)ψ(x) + yh1(y)
By inspection we see that choosing
(
g2(x), h1(y)
)
= (1, 0) or (0, 1) yields
elements of the kernel of df . Thus near p the kernel of df is generated by
x
(
−xl1−k1ψ(x)
du
α1
+
dv
α2
)
and y
(du
α1
+ yk2−l2ϕ(y)
dv
α2
)
We thus see again that Cf is not locally free near p. Since clearly the
terms in brackets in the previous expression are local generators for Cf1 and
Cf2 respectively near p, it follows that Cf
∼= Cf1(−p) ⊕ Cf1(−p). Thus 3 is
established, and with it the lemma. ✷
Now that we have treated the transverse case, we need an analogous
lemma for the non-transverse case.
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Lemma 1.16 Suppose that X is a smooth surface and let f : C → X be a
morphism from a curve C consisting of two irreducible components C1 and
C2, meeting in a node p. Denote by fi the restriction of f to Ci and let
pi ∈ Ci be the point p ∈ C. Suppose that f does not contract any component
of C and that C1 and C2 do not meet transversely at f(p). Then there are
the following cases:
1. C1 and C2 are simply tangent at f(p).
Then Cf is not locally free and
Cf ∼= Cf1(−p)⊕ Cf2(−p)
2. C1 and C2 are not simply tangent at f(p).
Then Cf is locally free and the following sequence is exact
0 // Cf // Cf1 ⊕ Cf2 // Cf,p // 0 (1.7)
Proof. We proceed as before, and we can write
f∗ :
 u 7−→ x
k1U1(x) + y
k2U2(y)
v 7−→ xl1V1(x) + y
l2V2(y)
where l1 > k1, l2 > k2 and U1(0), U2(0) 6= 0. By exchanging if necessary the
roles of C1 and C2, we may further assume that k1 ≤ k2. Then we have
OC,p · du+OC,p · dv
df
//
(
OC,p · dx+OC,p · dy
)
/(ydx+ xdy)
du // xk1−1
(
k1U1(x) + xU
′
1(x)
)
dx+ yk2−1
(
k2U2(y) + yU
′
2(y)
)
dy
dv // xl1−1
(
l1V1(x) + xV
′
1(x)
)
dx+ yl2−1
(
l2V2(y) + yV
′
2(y)
)
dy
Let α1 := k1U1(x) + xU
′
1(x) and α2 := l2V2(y) + yV
′
2(y). We may write
du // α1x
k1−1dx+ α2y
k2−1dy
dv // xl1−1ψ(x)dx+ yl2−1ϕ(y)dy
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Note that α1(0), α2(0) 6= 0. The kernel of this morphism is determined by
the condition
f1(x, y)du + f2(x, y)dv 7−→ r(x, y)
(
ydx+ xdy
)
which translates to
f∗ :

xk1−1
(
α1f1(x, y) + x
l1−k1ψ(x)f2(x, y)
)
= yr(x, y) = yr(0, y)
yk2−1
(
α2f1(x, y) + y
l2−k2ϕ(y)f2(x, y)
)
= xr(x, y) = xr(x, 0)
(1.8)
Let us now consider separately some cases.
Case 1. k1 = 1 and l2 = k2+1. (i.e. f is not ramified on C1 and f(C1) and
f(C2) are simply tangent). We know we may also assume l1 ≥ 3. Equations
(1.8) imply (multiplying the second one by y if k2 = 1)
α1f1(x, y) + x
l1−1ψ(x)f2(x, y) = yr(x, y)
y
(
α2f1(x, y) + yϕ(y)f2(x, y)
)
= 0
From the second equation we deduce that f1(x, y) = xg(x)−
yϕ(y)
α2
f2(x, y),
and substituting in the first equation we find
xg(x) = −
xl1−1ψ(x)
α1
f2(x, y) +
yϕ(y)
α2
f2(x, y) +
yr(x, y)
α1
This gives us the equations
xg(x) = −
xl1−1ψ(x)
α1
f2(x, y)
yϕ(y)
α2
f2(x, y) = −
yr(x, y)
α1
It follows that f2(x, y) = xh(x)−
α2
α1ϕ(y)
r(x, y). Observe now that choos-
ing h(x) = 0 and r(x, y) = 1 gives the element
(
xl1−1α2ψ(x)
α21ϕ(y)
+ y
α1
)
du −
α2
α1ϕ(y)
dv whose image under df is ydx (remember we are assuming l1 ≥ 3),
which is not zero. Therefore, r(x, y) (and hence f2) cannot have a constant
term, which implies that all elements of the kernel are combinations of
x
(
−
xl1−1ψ(x)
α1
du+ dv
)
and y
(
−
yϕ(y)
α2
du+ dv
)
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Clearly these elements are also in the kernel of df and the terms in the
brackets are local generators for Cf1 and Cf2 . Thus Cf
∼= Cf1(−p)⊕Cf2(−p).
Case 2a. k1 = 1, l2 ≥ k2 + 2. Equations (1.8) imply
α1f1(x, y) + x
l1−1ψ(x)f2(x, y) = yr(x, y)
y
(
α2f1(x, y) + y
l2−k2ϕ(y)f2(x, y)
)
= 0
From the second equation we deduce that
f1(x, y) = xg(x) −
yl2−k2ϕ(y)
α2
f2(x, y)
and substituting in the first equation we find
xg(x) = −
xl1−1ψ(x)
α1
f2(x, y) +
yl2−k2ϕ(y)
α2
f2(x, y) +
yr(x, y)
α1
This gives us the equations
xg(x) = −
xl1−1ψ(x)
α1
f2(x, y)
yl2−k2ϕ(y)
α2
f2(x, y) = −
yr(x, y)
α1
Therefore all elements of the kernel are multiples of
−
(
xl1−1ψ(x)
α1
+
yl2−k2ϕ(y)
α2
)
du+ dv
By inspection these elements are also in the kernel of df and the restric-
tions −x
l1−1ψ(x)
α1
du + dv and −y
l2−k2ϕ(y)
α2
du + dv are generators for Cf1 and
Cf2 . In particular there is a short exact sequence as in (1.7).
Case 2b. k1, k2 ≥ 2. Then (1.8) implies r(x, y) = 0 and from the first equa-
tion we may write f1(x, y) = −
xl1−k1ψ(x)
α1
f2(x, y)+ yh(y) and substituting in
the second equation we obtain
yk2−1
(
yα2h(y)+y
l2−k2ϕ(y)f2(x, y)
)
= 0 =⇒ yh(y) = −
yl2−k2ϕ(y)
α2
f2(x, y)
Therefore near p any element of the kernel of df is a multiple of
−
(
xl1−k1ψ(x)
α1
+
yl2−k2ϕ(y)
α2
)
du+ dv
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and it is easy to check that this element lies indeed in the kernel of df . Thus
Cf is locally free and since −
xl1−k1ψ(x)
α1
du + dv and −y
l2−k2ϕ(y)
α2
du + dv are
the local generators for Cf1 and Cf2 , we deduce that we have a short exact
sequence as in (1.7). This completes the proof of the lemma. ✷
Let f : C → X be a morphism from a connected, projective, nodal curve
of arithmetic genus zero to a smooth surface X. In view of the two previous
lemmas, we partition the set of nodes of C in five disjoint sets:
τuu is the set of nodes p such that the two components of C meeting at p
are transverse at f(p) and both are unramified;
τur is the set of nodes p such that the two components of C meeting at
p are transverse at f(p) and one is unramified and the other one is
ramified;
τrr is the set of nodes p such that the two components of C meeting at p
are transverse at f(p) and both are ramified;
ν2 is the set of nodes p such that the two components of C meeting at p
are simply tangent at f(p);
νl is the set of nodes p such that the two components of C meeting at p
are not transverse and not simply tangent at f(p).
Thus it follows from the lemmas that the sheaf Cf is locally free at the
nodes τuu and νl, while it is not free at the others. Let C1, . . . , Cℓ be the
components of C. Then we let τ iuu denote the divisor on Ci of nodes lying
in τuu, and similarly for the other types of nodes. Note that only one of
the definitions above is not symmetric, namely τur (and τ
i
ur). To take care
of this, let us introduce one more divisor on each component of C: let τ iru
be the divisor on Ci consisting of all nodes p of C on Ci, such that the two
components of C through p are transverse at f(p), and the restriction of f
to these two components is ramified only on Ci.
Often we will denote by the same symbol a divisor on a curve and its
degree. For instance we write equations like∑
i
(
τ iuu + τ
i
ur + τ
i
rr + ν
i
2 + ν
i
l
)
= 2#{nodes of C}∑
i
(
τ iuu + τ
i
ur + τ
i
ru + τ
i
rr + ν
i
2 + ν
i
l
)
= 2#{nodes of C}+ τur
Given a coherent sheaf F on a curve C, let τ(F) denote the subsheaf
generated by the sections whose support has dimension at most 0 and let
Ffree be the sheaf F/τ(F). By definition the sheaf Ffree is pure.
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Proposition 1.17 Let f : C → X be a stable map of genus zero with no
contracted components to a smooth surface X, with canonical divisor KX .
Let C1, . . . , Cℓ be the irreducible components of C. Then we have
deg
(
(Cf ⊗ ωC)
∣∣free
Ci
)
= f∗[Ci] ·KX − deg τ
i
ru + deg ν
i
l + degQi(1.9)
χ (Cf ⊗ ωC) = f∗[C] ·KX + deg τrr + deg ν2 +
+2deg νl +
∑
degQi + 1
Moreover, let ν : C˜ → C be the normalization of C at the nodes in
τur ∪ τrr ∪ ν2. Then, the sheaf Cf is the pushforward of a locally free sheaf
on C˜.
Proof. This is simply a matter of collecting the information we already
proved in the previous lemmas. Thanks to Lemma 1.15 and Lemma 1.16 we
have the following short exact sequence of sheaves on C
0 // Cf // ⊕iCfi
(
−τ iuu − τ
i
ur − 2τ
i
ru − τ
i
rr − ν
i
2
)
// Cf |τuu ⊕ Cf |νl
// 0
Note that the sheaf in the middle on the component Ci is twisted down
by all nodes of C on Ci, with the exception of the nodes in ν
i
l , which do not
appear, and the nodes in τ iru, which “appear twice.” Hence we can write
the divisor by which we are twisting Cfi as −val[Ci] − τ
i
ru + ν
i
l (we denote
by val[Ci] the valence of the vertex [Ci] in the dual graph of C).
To compute the degree of the sheaf Cfi , remember that there is an exact
sequence
0 // Cfi // f
∗
i Ω
1
X
// Ω1Ci
// Qi // 0
Therefore we have deg Cfi = f∗[Ci] · KX + 2 + degQi. Thus, we may
rewrite the previous sequence as follows
0 // Cf // ⊕iOCi
(
f∗[Ci] ·KX + 2− val[Ci]− τ
i
ru + ν
i
l + degQi
)
//
// Cf |τuu ⊕ Cf |νl
// 0
The dualizing sheaf ωC is invertible and on the component Ci has degree
equal to −2+ val[Ci]. Thus twisting the previous sequence by ωC we obtain
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(using the isomorphisms Cf |τuu ⊗ ωC ≃ Cf |τuu and Cf |νl ⊗ ωC ≃ Cf |νl)
0 // Cf ⊗ ωC // ⊕iOCi
(
f∗[Ci] ·KX − τ
i
ru + ν
i
l + degQi
)
//
// Cf |τuu ⊕ Cf |νl // 0 (1.10)
The first identity in (1.9) follows. For the second one, note that
∑
τ iru =
τur and
∑
νil = 2νl and compute Euler characteristics of (1.10):
χ (Cf ⊗ ωC) =
∑
i
(
f∗[Ci] ·KX − τ
i
ru + ν
i
l + degQi + 1
)
−deg τuu−deg νl=
= f∗[C] ·KX − τur + 2νl +
∑
i
degQi +
+#
{
components of C
}
− τuu − νl
Remember that the dual graph of f is a tree and hence #
{
components
}
=
#
{
nodes of C
}
+ 1 = τuu + τur + τrr + ν2 + νl + 1. Using this, we conclude
χ (Cf ⊗ ωC) = f∗[C] ·KX + τrr + ν2 + 2νl + 1 +
∑
i
degQi
and the proposition is proved. ✷
The next proposition has a similar proof, but deals with morphisms with
contracted components. As for the previous case, it is useful to introduce
two more subsets of the nodes on contracted components, depending on the
behaviour of f : C¯ → X near the node. We let
ρu be the set of nodes p such that f is constant on one of the two compo-
nents, and it is unramified on the other;
ρr be the set of nodes p such that f is constant on one of the two compo-
nents, and it is ramified on the other.
Proposition 1.18 Let f : C¯ → X be a stable map of genus zero to a smooth
surface X, with canonical divisor KX . Let C¯ = C∪R, where C = C1∪. . .∪Cℓ
is the union of all components of C¯ which are not contracted by f , and R
is the union of all components of C¯ contracted by f . Let r be the number of
connected components of the curve R (equivalently, r = χ(OR)). Then we
have
deg
(
(Cf ⊗ ωC¯)
∣∣free
Ci
)
= f∗[Ci] ·KX +Qi − τ
i
ru + ν
i
l + ρ
i
u + ρ
i
r (1.11)
χ (Cf ⊗ ωC¯) = f∗[C] ·KX +
∑
Qi + 1 + τrr + ν2 + 2νl +
+ρu + 2ρr − 3r
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Proof. For the first formula in (1.11), we only need to check the local
behaviour of Cf near a node between Ci and a contracted component Rj. As
before, let x be a local coordinate on Ci near the node p between Ci and Rj
and let y be a local coordinate on Rj near p. Let u, v be local coordinates
on X near f(p) and suppose that the tangent direction to the vanishing set
of u near f(p) is the tangent direction to Ci at f(p). We have
f∗ :
{
u 7−→ xkU(x)
v 7−→ xk+1V (x)
U(0) 6= 0
for some k ≥ 1. The sheaf Cf near p is the kernel of the map
df : OC¯,p · du+OC¯,p · dv //
(
OC¯,p · dx+OC¯,p · dy
)
/
(
ydx+ xdy
)
du // xk−1
(
kU(x) + xU ′(x)
)
dx
dv // xk
(
(k + 1)V (x) + xV ′(x)
)
dx
It is readily seen that
x
(
(k + 1)V (x) + xV ′(x)
)
du−
(
kU(x) + xU ′(x)
)
dv
is a local generator for the kernel of df . Note that this means that we may
pretend that the component Rj is not there for the purpose of computing
the contribution of the node p, regardless of whether f |Ci ramifies or not at
p. This is enough to prove the first formula in (1.11).
To prove the second one, we carry the previous analysis slightly further,
and note that the image of df contains the torsion section ydx if and only if
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f does not ramify at p. Remember that we have the diagram
0

0

τ

0 // Cf // f∗Ω1X
//

Ω1
C¯
//

QC¯ // 0
⊕
C′⊂C¯
(f |C′)
∗Ω1X

⊕
C′⊂C¯
Ω1C′

⊕
ν∈Sing(C¯)
Ω1X,ν

0
0
where C ′ ranges over the irreducible components of C¯ and τ denotes the
torsion subsheaf of Ω1
C¯
. We deduce that
χ (Cf ⊗ ωC¯) = χ
(
f∗Ω1X ⊗ ωC¯
)
− χ
(
Ω1
C¯
⊗ ωC¯
)
+ χ (QC¯ ⊗ ωC¯)
and we know that
χ
(
f∗Ω1X ⊗ ωC¯
)
= f∗[C¯] ·KX − 4#{components of C¯}+ 2
∑
C′⊂C¯
val(C ′) +
+2#{components of C¯} − 2#{nodes of C¯} =
= f∗[C¯] ·KX − 2
χ
(
Ω1
C¯
⊗ ωC¯
)
= #{nodes of C¯}−3#{components of C¯}+
∑
C′⊂C¯
val(C ′) = −3
χ (QC¯ ⊗ ωC¯) = χ (QC ⊗ ωC¯) + χ
(
Ω1R ⊗ ωC¯
)
+ ρr
where QC is the cokernel of the differential of the restriction of f to the
union C of the non-contracted components. By what we saw above, the
sheaf QC behaves like when there are no contracted components. The Euler
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characteristic of Ω1R ⊗ ωC¯ is given by
χ
(
Ω1R ⊗ ωC¯
)
= #{nodes of R¯} − 3#{irreducible components of R¯}+
+
∑
R′⊂R
val(R′) = −3#{connected components of R¯} =
= −3r
We collect all these numbers as we did before and conclude. ✷
1.3 Deformations of Stable Maps
1.4 Dimension Estimates
In what follows we refer to the integer −C ·KX as the anticanonical degree
(or simply as the degree) of a curve C in X, where KX is the canonical
divisor of X.
We consistently use the following notational convention: if f : C¯ → X is
a morphism and C¯1 denotes a component of C¯, we denote the image of C¯1
by C1, and in general, a symbol with a bar over it denotes an object on the
source curve C¯, while the same symbol without the bar over it denotes the
image of the object in X.
Definition 1.19 ([Ko] II.3.6). Let f, g ∈ Hom(C¯,X); we say g is a defor-
mation of f , if there is an irreducible subscheme of Hom(C¯,X) containing
f and g. We say that a general deformation of f has some property if there
is an open subset U ⊂ Hom(C¯,X) containing f and a dense open subset
V ⊂ U such that all f ′ ∈ V have that property.
When we choose a general deformation g of a morphism f , we assume
that g is a deformation of f , i.e. that f and g lie in the same irreducible
component of Hom(C¯,X).
Lemma 1.20 Let f : P1 → X be a free morphism; then −f(P1) ·KX ≥ 2.
If moreover f is birational onto its image, then a general deformation of f
is free and it is an immersion.
Proof. Since f is free, f∗TX is globally generated, and hence the normal
sheaf Nf is also. Thus we have
0 ≤ degNf = deg f
∗TX − 2 = −f(P
1) ·KX − 2
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For the second assertion, by [Ko] Complement II.3.14.4, a general defor-
mation of f is of the form ft : P
1 gt→ P1
ht→ X, where ht is an immersion.
Since it is also true that a general deformation of a birational map is still bi-
rational, we see that for a general deformation ft of f , gt is an isomorphism,
and ft is an immersion. Clearly being free is also an open property. ✷
Fix a free rational curve β ⊂ X and let d = −β ·KX .
Definition 1.21 Denote by Mbir
(
X,β
)
the closure in M0,0
(
X,β
)
of the
set of free morphisms f : P1 → X such that f is birational onto its image.
We want to prove that given r ≤ d− 1 general points p1, . . . , pr ∈ X, in
all irreducible components ofMbir
(
X,β
)
there is an f whose image contains
all the pi’s.
Proposition 1.22 Let f : P1 → X be an immersion, and let d be the degree
of the image of f . Let c1, . . . , cr be distinct points where f is an embedding.
The natural morphism
F (r) : (P1)r ×Hom(P1,X) // Xr(
d1, . . . , dr; [g]
)  // (g(d1), . . . , g(dr))
is smooth at the point
(
c1, . . . , cr; [f ]
)
if and only if r ≤ d− 1.
Proof. Recall the sequence defining Nf :
0 // T P1
df t
// f∗TX // Nf // 0 (1.12)
Let us prove first of all that Hom(P1,X) is smooth at [f ]. From (1.12),
it follows that degNf = −f∗(P
1) ·KX − 2 = d− 2 ≥ −1, and since f is an
immersion, Nf is locally free. Thus from the long exact sequence associated
to (1.12) we deduce that H1(P1, f∗T X) = 0, and by [Ko] Theorem II.1.2 it
follows that Hom(P1,X) is smooth at [f ].
Consider now the following commutative diagram with exact rows
0 // ⊕TciP
1 //
∼

T(c;[f ])(P
1)r ×Hom(P1,X) //
dF (r)

T[f ]Hom(P
1,X) //
δ

0
0 // ⊕Tf(ci)f(P
1) // ⊕Tf(ci)X // ⊕Nf,ci // 0
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The top row is clear, since we have the isomorphism
T(c;[f ])(P
1)r ×Hom(P1,X) ≃ ⊕TciP
1 ⊕ T[f ]Hom(P
1,X)
For the second row, restrict the sequence (1.12) to {c1, . . . , cr} and note that
f induces an isomorphism TciP
1 ≃ Tf(ci)f(P
1), since f is an embedding at
the ci. The first vertical arrow is induced by f , while δ is the quotient map,
followed by the evaluation map ([Ko] Proposition II.3.5):
T[f ]Hom(P
1,X) ≃ H0(P1, f∗TX)
q
//
δ
**UUU
UUUU
UUUU
UUUU
UUU
H0(P1,Nf )
ev

⊕Nf,ci
The morphism q is induced by the long exact sequence associated to
(1.12), and the next term in the sequence is H1(P1,TP1) = 0. Therefore q
is surjective. Observe that dF (r) is surjective if and only if δ is surjective,
and finally, δ is surjective if and only if the evaluation map ev is surjective.
Consider the exact sequence of sheaves
0 // Nf (−c1 − . . .− cr) // Nf // ⊕Nf,ci // 0 (1.13)
Remember that degNf = d − 2, and since f is an immersion, Nf ≃
OP1(d − 2). Thus H
1(P1,Nf ) = 0, and the sequence on global sections
induced by (1.13) is exact if and only if H1(P1,Nf (−c1 − . . . − cr)) = 0,
i.e. if and only if degNf (−c1 − . . . − cr) = d − 2 − r ≥ −1. Therefore
H0(P1,Nf )→ ⊕Nf,ci is surjective if and only if r ≤ d− 1, and hence dF
(r)
is surjective if and only if r ≤ d− 1. ✷
Let f : P1 → X be an immersion representing an element ofMbir
(
X,β
)
,
and denote by fMbir
(
X,β
)
the irreducible component of Mbir
(
X,β
)
con-
taining f . Denote by Hf ⊂ Hom(P1,X) the irreducible component of
Hom(P1,X) containing [f ] (remember that Hom(P1,X) is smooth at [f ]).
There is an action
Aut
(
P1
)
×
(
P1
)r
×Hom
(
P1,X
)
//
(
P1
)r
×Hom
(
P1,X
)(
ϕ, (c1, . . . , cr ; [g])
)  // (ϕ(c1), . . . , ϕ(cr) ; [g ◦ ϕ−1])
which clearly preserves the irreducible components of Hom
(
P1,X
)
. Since f
is not constant, the action of Aut
(
P1
)
has finite stabilizers.
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Consider the diagram (
P1
)r
×Hf
M ''O
OOO
OOO
OOO
O
F (r)
zzuu
uu
uu
uu
uu
Xr fMbir
(
X,β
)
where M is the projection onto the factor Hf followed by the natural map
that quotients out the action of Aut(P1).
Let us compute the dimensions of some of these spaces. The morphism
M is obviously dominant, while Proposition 1.22 (together with Lemma
1.20) implies that F (r) is dominant if r ≤ d− 1. Thus we may compute
dim
(
fMbir
(
X,β
))
= dim
((
P1
)r
×H
)
− r − 3 = −f(P1) ·KX − 1 = d− 1
Let c1, . . . , cr ∈ P
1 be r ≤ d−1 distinct points where f is an isomorphism
onto its image and let pi = f(ci).
Let p := (c1, . . . , cr; [f ]) ∈
(
P1
)r
×Hom(P1,X); it follows from Proposi-
tion 1.22 that
dim
(
F (r)
)−1
(p1, . . . , pr) = r+dimH
f −2r = −f(P1) ·KX +2−r = d−r+2
Denote byMbir
(
X,β
)
(p1, . . . , pr) the (closure of the) image underM of(
F (r)
)−1
(p1, . . . , pr), alternatively
Mbir
(
X,β
)
(p1, . . . , pr) :=
{
[f ] ∈ Mbir
(
X,β
) ∣∣∣ Image(f) ⊃ {p1, . . . , pr}}
Since Aut(P1) acts with finite stabilizers on
(
F (r)
)−1
(p1, . . . , pr), we may
compute
dimMbir
(
X,β
)
(p1, . . . , pr) = d− r − 1 (1.14)
1.5 Independent Points
The next lemma analyzes the case of curves through d− 1 general points.
Lemma 1.23 For a general (d− 1)−tuple (p1, . . . , pd−1) of points of X
d−1,
all the morphisms in Mbir
(
X,β
)
(p1, . . . , pd−1) are immersions.
Proof. Let I ⊂
(
P1
)d−1
× Hf be the set of all d−tuples (c1, . . . , cd−1; [g])
such that g is not an immersion; Lemma 1.20 implies that I is a proper
1 COHOMOLOGY GROUPS AND OBSTRUCTION SPACES 28
closed subset of
(
P1
)d−1
×Hf . Note that I is Aut(P1)−invariant. Consider
the morphism F (d−1). By Proposition 1.22 and Lemma 1.20 this morphism
is dominant, hence the general fiber of this morphism has dimension d−1−
f(P1) ·KX+2−2(d−1) = d+2−d+1 = 3, thus the fibers of this morphism
are Aut(P1)−orbits, since they are stable under the action of Aut(P1). If
the general fiber of F (d−1) met I, then we would have
dimI ≥ 2(d− 1) + 3 = 2d+ 1 = (d− 1) + (d+ 2) = dim
((
P1
)d−1
×Hf
)
and I would equal
(
P1
)d−1
×Hf , which contradicts Lemma 1.20. Thus there
is an open dense subset U in Xd−1 not meeting the image of I. For any
(d− 1)−tuple (p1, . . . , pd−1) ∈ U we have that
Mbir
(
X,β
)
(p1, . . . , pd−1) :=M
((
F (d−1)
)−1
(p1, . . . , pd−1)
)
⊂Mbir
(
X,β
)
consists only of (finitely many) immersions. ✷
We now want to prove that for a general choice of d− 2 points on X, all
the resulting morphisms in Mbir
(
X,β
)
through them have reduced image.
To achieve this, let us first introduce the following notion.
Definition 1.24 We say that r points p1, . . . , pr in X are independent if
the following conditions hold:
1. no k of them are contained in a rational curve of degree k;
2. the normalization of a rational curve of degree k in X through k − 1
of them is an immersion.
Proposition 1.22, Lemma 1.23 and the dimension estimates (1.14) easily
imply that for any r ≥ 1 there are r−tuples of independent points if there
are free rational curves of anticanonical degree d ≥ r + 1, and that there
are rational curves of anticanonical degree d through r independent points
if d ≥ r + 1.
We are ready to prove the following result.
Lemma 1.25 Let C ⊂ X be a divisor of anticanonical degree d ≥ 3 such
that each reduced irreducible component is rational. Let p1, . . . , pd−2 ∈ C
be a (d − 2)−tuple of independent points. The divisor C has at most two
irreducible components and it is reduced.
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Proof. Denote by C1, . . . , Cℓ the reduced irreducible components of C. For
each curve Ci let di be the degree of Ci, mi be the multiplicity of Ci in
C and δi be the number of points p1, . . . , pd−2 lying on Ci. Then we have∑
midi = d and δi ≤ di − 1. Therefore
d− 2 =
∑
δi ≤
∑
di − ℓ ≤
∑
midi − ℓ = d− ℓ
Thus ℓ ≤ 2, and if ℓ = 2, then all inequalities are equalities and hence
m1 = m2 = 1. If ℓ = 1, then C1 is a rational curve of degree d1 on
X containing d − 2 independent points. It follows that d1 ≥ d − 1 and
m1d1 = d and hence d ≥ m1(d − 1), or (m1 − 1)d ≤ m1. Since d ≥ 3 this
implies d1 = d and m1 = 1. ✷
Lemma 1.26 Let p1, . . . , pr ∈ X be r ≥ 2 independent points, and let
α ⊂ X be an integral curve of degree r + 2 of geometric genus zero con-
taining p1, . . . , pr. Let B be a smooth connected projective curve and let
F : B →M
α
bir(p1, . . . , pr) be a non-constant morphism. The reducible curves
in the family parametrized by B cannot always contain a component mapped
isomorphically to a curve of anticanonical degree strictly smaller than two.
Proof. Consider the following fiber product diagram
S //

M0,1(X,α)

B //M
α
bir(p1, . . . , pr)


//M0,0(X,α)
thus S → B is the pull-back of the universal family.
It follows that S → B is a surface whose general fiber over B is a
smooth rational curve and with a finite number of fibers consisting of exactly
two smooth rational curves (Lemma 1.25) meeting transversely at a point,
corresponding to the reducible curves in the family B. By hypothesis S → B
admits r contractible sections. Suppose that in all reducible fibers of S one
component is mapped to a curve of anticanonical degree strictly smaller than
two. Denote the components in S mapped to such curves by L1, . . . , Lt,
and the other components in the respective fiber by Q1, . . . , Qt (thus Li +
Qi represents the numerical class of a fiber, for all i’s). By definition of
independent points, the sections of S → B cannot meet the components Li.
Since Li ⊂ S is a smooth rational curve of self-intersection L
2
i = Li · (Qi +
Li) − Li · Qi = −1, we may contract all the Li to obtain a smooth surface
S′ → B, which is a P1−bundle over the curve B. Since the contracted
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curves did not meet the r sections, there still are r ≥ 2 negative sections
of S′ → B, but there can be at most one negative section in a P1−bundle.
Thus there must be reducible fibers in the family B all of whose components
are mapped to curves of anticanonical degree at least two. ✷
Lemma 1.27 Let f : P1 −→ X be a non-constant morphism to a smooth
surface X and suppose that f∗TX is globally generated. Denote by Mf the
irreducible component of M0,0(X, f∗[P1]) containing [f ] and by C ⊂ X the
integral curve f(P1). Let Mf,C be the locus of stable maps
Mf,C :=
{
[g] ∈ Mf
∣∣ image(g) = C}
Then we have
codim
(
Mf,C ,Mf
)
≤ 1
Equality holds if and only if f∗[P
1] = δC for some positive integer δ and
KX · C = −2.
Proof. Using [Ko] Proposition II.3.7, we may deform f so that the image of
the resulting morphism avoids a point on C. It follows that Mf,C ( Mf ,
and hence, Mf,C being closed, that it has codimension at least one.
To prove the second assertion, note that any morphism φ : R→ X from
a rational tree with image contained in C is such that φ∗TX is globally gen-
erated. This is obvious on each irreducible component of R: the morphism
factors through the normalization of C and a multiple cover, and under the
normalization the pull-back of TX is globally generated. Thus φ
∗TX is glob-
ally generated on each component of R, and hence it is globally generated
on R.
Let Γ be the dual graph of some morphism in Mf . Let M
Γ
f be the
subscheme of Mf consisting of morphisms with dual graph Γ; then
codim
(
Mf,C ∩M
Γ
f ,M
Γ
f
)
≥ 1 (1.15)
Indeed, let n be the number of vertices of Γ and consider the scheme M˜Γf :[g : K → X ; p1, . . . , pn] ∈ M0,n(X, f∗[P1])
∣∣∣∣∣∣
[g] ∈ MΓf and the points
p1, . . . , pn lie in different
components of K

Clearly there is a surjective morphism M˜Γf −→M
Γ
f , and let
M˜Γf,C :=
(
Mf,C ∩M
Γ
f
)
×MΓ
f
M˜Γf
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Let g : K → X represent a morphism in M˜Γf,C ; again by [Ko] Proposition
II.3.7 we may deform g to miss a point of C, while still lying in M˜Γf and
thus (1.15) follows.
Suppose that codim(Mf,C ,Mf ) = 1. It is clear that f∗[P
1] = δC for
some positive integer δ.
Using (1.15) it follows that the general morphism in every component of
maximal dimension of Mf,C has irreducible domain, and hence these com-
ponents of Mf,C are dominated by M0,0(P
1, δ), where the morphisms are
induced by composition with the normalization map ν : P1 −→ C. We have
dimMf,C ≤ dimM0,0(P
1, δ) = 2δ− 2, and also dimMf = (−KX · C) δ− 1.
We already know (Lemma 1.20) that −KX ·C ≥ 2, and hence we must have
−KX · C = 2 and dimMf,C = 2δ − 2. ✷
1.6 Sliding moves
The next lemma and its corollary allow us to construct irreducible sub-
schemes in the boundary of the spaces M0,0
(
X,β
)
. First, let us introduce
some notation that will be used in the lemma.
Let f : C¯ → X be a stable map of genus zero to the smooth surface X.
Let C¯0 be a connected subcurve, let C¯1, . . . , C¯ℓ be the connected components
of the closure of C¯ \ C¯0. Let C¯0i be the irreducible component of C¯0 meeting
C¯i, and let C¯i,1 be the irreducible component of C¯i meeting C¯0 and let the
intersection point of C¯0i and C¯i,1 be p¯i. Denote by fi the restriction of f to
C¯i, for i ∈ {0, . . . , ℓ}.
Let V ⊂ M0,ℓ
(
X, f∗[P
1]
)
×
(
C¯1 × · · · × C¯ℓ
)
be the subscheme consist-
ing of all points
(
[g ; c¯1, . . . , c¯ℓ] ; c¯
′
1, . . . , c¯
′
ℓ
)
, such that g(c¯i) = f(c
′
i) and
[g ; c¯1, . . . , c¯ℓ] is in the same irreducible component of M0,ℓ
(
X, f∗[P
1]
)
as
[f ; p¯1, . . . , p¯ℓ].
Lemma 1.28 With notation as above, assume also that a general deforma-
tion of f0 is generated by global sections, C¯0i is not contracted by f and
f
(
C¯0i
)
6⊃ f
(
C¯i,1
)
, for all i’s. It follows that every irreducible component of
V containing
(
[f0 ; p¯1, . . . , p¯ℓ] ; p¯1, . . . , p¯ℓ
)
surjects onto the irreducible com-
ponent of M0,0
(
X, f∗[P
1]
)
containing [f ].
Proof. Let Φ be an irreducible component of M0,0
(
X, f∗[P
1]
)
containing
(the stable reduction of) [f ]. Define C by the Cartesian square on the left
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and ev as the composite of the maps in the diagram
C //

ev:=(ev1,...,evℓ)
((
M0,ℓ
(
X, f∗[P
1]
)

// Xℓ
Φ


//M0,0
(
X, f∗[P
1]
)
Clearly, V is then defined by the diagram
V //
ι

π

(
C¯1 × · · · × C¯ℓ
)
(f1,...,fℓ)

C
ev
//

Xℓ
Φ
and we have
V ⊂W := C ×
(
C¯1 × · · · × C¯ℓ
) P
// C
Obviously P is flat and since C −→ Φ is flat, it follows that W −→ Φ is
flat. The fiber of π at the point [g] is given by
π−1
(
[g]
)
=
{(
[g˜ ; c¯1, . . . , c¯ℓ] ; c¯
′
1, . . . , c¯
′
ℓ
) ∣∣∣ g˜(c¯i) = fi(c¯′i)}
where the stable reduction of g˜ is g. If g has irreducible domain, and if
the image of g does not contain any singular point of (the reduced scheme)
f
(
C¯1 ∪ . . . ∪ C¯ℓ
)
, nor does it contain any component of f
(
C¯i
)
, then the
scheme π−1
(
[g]
)
is finite. Thanks to [Ko] Theorem II.7.6 and Proposition
II.3.7, a general deformation g of f0 satisfies the previous conditions; thus
the general fiber of π in a neighbourhood of [f ] is finite and hence, letting
v0 :=
(
[f0 ; p¯1, . . . , p¯ℓ] ; p¯1, . . . , p¯ℓ
)
, we conclude that dimv0 V = dimΦ =
dim C − ℓ.
Let κi ∈ OX,f(p¯i) be a local equation of fi
(
P1
)
; clearly the ℓ equations
P ∗ev∗1(κ1), . . . , P
∗ev∗ℓ (κℓ) define V near v0. Since dimV = dim C − ℓ,
it follows that OV,v0 is a Cohen-Macaulay OW,v0−module. Using [EGA4]
Proposition 6.1.5, we deduce that OV,v0 is a flat OΦ,[f0]−module, and the
result follows. ✷
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Construction. Suppose f : C¯ → X is a stable map, and suppose C¯ =
C¯0 ∪ . . . ∪ C¯ℓ, where C¯i is a connected union of components for all i’s, such
that H1
(
C¯0, f
∗TX |C¯0
)
= 0 and all the irreducible components of C¯0 meeting
C¯i are not contracted by f and the image of the component of C¯0 meeting
C¯i does not contain the image of the corresponding component of C¯i for all
i’s (this is the same condition required in Lemma 1.28).
We construct an irreducible subscheme Slf (C¯0) of M0,0
(
X, f∗[C¯]
)
, con-
sisting of morphisms g : C¯ ′ → X with the following properties:
• there is a decomposition C¯ ′ = C¯ ′0 ∪ . . . ∪ C¯
′
ℓ, where C¯
′
i is a connected
subcurve;
• there are isomorphisms g|C¯′i ≃ f |C¯i ;
• there is a morphism res : Slf (C¯0)→M0,0
(
X, f∗[C¯0]
)
, which is surjec-
tive on the irreducible component containing f |C¯0 ;
• there are morphisms ai : Slf (C¯0)→ C¯i, for i ∈ {1, . . . , ℓ}.
Let p¯i ∈ C¯0 be the node between C¯0 and C¯i and fi := f |C¯i ; by Lemma
1.28 we may find an irreducible subscheme V ⊂M0,ℓ
(
X, f∗[C¯0]
)
×Xℓ
(
C¯1 ×
. . .× C¯ℓ
)
and a morphism V →M0,0
(
X, f∗[C¯0]
)
which is surjective onto the
irreducible component containing f0.
Identify C¯i with M0,1
(
C¯i, [C¯i]
)
; thus we may write
V ⊂M0,ℓ
(
X, f∗[C¯0]
)
×Xℓ
(
M0,1
(
C¯1, [C¯1]
)
× . . .×M0,1
(
C¯ℓ, [C¯ℓ]
))
Let Mi ⊂ C¯0 × P be the closed subscheme with closed points of the form(
c¯0i ; [g ; c¯01, . . . , c¯0ℓ] ; c¯1, . . . , c¯ℓ
)
. Let Ni ⊂ C¯i×P
′ be the closed subscheme
with closed points of the form
(
c¯i ; [g ; c¯01, . . . , c¯0ℓ] ; c¯1, . . . , c¯ℓ
)
. It is clear
that projection onto the P ′ factor induces isomorphisms Mi ≃ P
′ and Ni ≃
P ′, and that Mi ∩Mj = ∅ for all i 6= j.
Construct the scheme C¯: glue to C¯0 × P
′ the schemes C¯i × P
′ along
the subschemes Mi ≃ Ni, where the isomorphisms are the ones induced
by projection onto the factor P ′. By construction, there is a morphism
C¯ −→ P ′, whose fiber over the point c¯ =
(
[g ; c¯01, . . . , c¯0ℓ] ; c¯1, . . . , c¯ℓ
)
is the
curve C¯c¯ obtained by the nodal union of C¯0 and C¯i, for all i’s, where the
nodes of C¯c¯ are at the points c¯0i ∈ C¯0 and c¯i ∈ C¯i,1 ⊂ C¯i.
The morphism C¯ → P ′ is flat on all irreducible components of P ′ (re-
member that P ′ is smooth) thanks to Theorem III.9.9 of [Ha], since all fibers
C¯c¯ have geometric genus zero. Thus C¯ → P
′ is a family of connected nodal
projective curves of arithmetic genus zero.
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A typical application of this construction can be found in the proof of
Theorem 2.12 as well as in many of the later proofs.
2 Divisors of Small Degree: the Picard Lattice
2.1 The Nef Cone
We collect here some results on the nef cone of a del Pezzo surface. We prove
a “numerical” decomposition of any nef divisor on a del Pezzo surface in
Corollary 2.5. In the later sections we will show how to realize geometrically
this decomposition.
Definition 2.1 Let Xδ be a del Pezzo surface of degree 9− δ. Suppose that
Xδ 6= P
1×P1. We call an integral basis {ℓ, e1, . . . , eδ} of Pic(Xδ) a standard
basis if there is a presentation b : Xδ → P
2 of Xδ as the blow up of P
2 at δ
points such that ℓ is the pull-back of the class of a line and the ei’s are the
exceptional divisors of b.
Lemma 2.2 Let C ⊂ X be an integral curve of canonical degree -1 on the
smooth surface X. Then C2 is odd and it is at least -1.
Proof. This is immediate from the adjunction formula:
C2 +KX · C = 2pa(C)− 2 =⇒ C
2 = 2pa(C)− 1 ≥ −1
The lemma is proved. ✷
Lemma 2.3 Let C ⊂ X be a curve of canonical degree -1 on a del Pezzo
surface of degree d. Either C is a (−1)−curve, or d = 1 and the divisor
class of C is −KX .
Proof. Note that since −KX is ample, a curve of canonical degree −1 must
be integral. If X ≃ P1 × P1, all divisor classes on X have even canonical
degree, thus we may exclude this case. Let ρ := C2 and δ = 9 − d; by the
previous lemma we know that ρ ≥ −1 and it is odd. Moreover, if ρ = −1
then C is a (−1)−curve; suppose therefore that ρ ≥ 1. By [Ma] Proposition
IV.25.1 we may find a standard basis {ℓ, e1, . . . , eδ} of the Picard group of
X. If we write C = aℓ− b1e1 − . . .− bδeδ, we have
3a−
δ∑
i=1
bi = 1
a2 −
δ∑
i=1
b2i = ρ
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and these equations are easily seen to be equivalent to the following:
3a−
8∑
i=1
bi = 1
8∑
i=1
(
a− 2bi − 1
)2
= 4
(
1− ρ
)
bi = 0 i ≥ δ + 1
We deduce that ρ ≤ 1, and hence ρ = 1. We conclude that a−2bi−1 = 0
for all i’s and hence
(
a ; b1, . . . , b8
)
=
(
2b + 1 ; b, . . . , b
)
and 3a −
∑
bi = 1.
Therefore b = 1, δ = 8 and the divisor class of C is
(
3ℓ−e1−. . .−e8
)
= −KX .
✷
We need a criterion to determine which classes are nef on any del Pezzo
surface X. This is immediate in the cases of del Pezzo surfaces of degree
9 and 8. If the degree is 9, then X is isomorphic to P2. The non-negative
multiples of the class of a line are the only nef divisors, and the only ample
divisors are the positive such multiples. If the degree of the del Pezzo surface
is 8, then there are two cases: either X is isomorphic to P1 × P1 or X is
isomorphic to the blow-up of P2 at one point.
If X ≃ P1×P1, then any divisor class C on X is of the form a1F1+a2F2,
where F1 and F2 are the two divisor classes of {p} × P
1 and P1 × {p} and
a1 and a2 are integers. Then C is nef if and only if a1, a2 ≥ 0, while C is
ample if and only if a1, a2 > 0.
If X ≃ Blp(P
2), then any divisor class C on X is of the form aℓ − be,
where ℓ is the pull-back of the divisor class of a line in P2, while e is the
exceptional divisor. The divisor class C is nef if and only if a ≥ b ≥ 0, while
C is ample if and only if a > b > 0.
The remaining cases are dealt with in the next Proposition.
Proposition 2.4 Let X be a del Pezzo surface of degree d ≤ 7. A divi-
sor class C ∈ Pic(X) is nef (respectively ample) if and only if C · L ≥ 0
(respectively C · L > 0) for all (−1)−curves L ⊂ X.
Proof. The necessity of the conditions is obvious. To establish the suf-
ficiency, we only need to prove the result for nef classes, since the ample
classes are precisely the ones in the interior of the nef cone. Proceed by
induction on r := 9− d.
If r = 2 write C = aℓ − b1e1 − b2e2, in some standard basis {ℓ, e1, e2}.
By assumption we know that bi ≥ 0 and a ≥ b1 + b2. Thus we can write
C =
(
a− b1 − b2
)
ℓ+ b1
(
ℓ− e1
)
+ b2
(
ℓ− e2
)
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which shows that C is a non-negative combination of nef classes.
Suppose r > 2. Let n := min
{
C · L ; L ⊂ X is a (−1)−curve
}
; by
assumption we know that n ≥ 0. Let C˜ := C + nKX ; for any (−1)−curve
L ⊂ X we have C˜ · L = C · L − n ≥ 0, and there is a (−1)−curve L′ such
that C˜ · L′ = 0, by the definition of n.
Let b : X → X ′ be the contraction of the curve L′ and note that X ′ is a
del Pezzo surface of degree 9− (r − 1). We have C˜ = b∗b∗C˜ − rL
′ and
0 = C˜ · L′ = b∗b∗C˜ · L
′ − rL′ · L′ = b∗C˜ · b∗L
′ + r = r
and therefore C˜ = b∗b∗C˜ is the pull-back of the divisor class C
′ := b∗C˜
on X ′. Since all (−1)−curves on X ′ are images of (−1)−curves on X, by
induction we know that C ′ is nef, and thus C˜ is nef. Hence C = C˜+n(−KX)
is a non-negative linear combination of nef divisors, and thus C is nef. ✷
From this Proposition we deduce immediately the following Corollary.
Corollary 2.5 Let Xδ be a del Pezzo surface of degree 9 − δ ≤ 8. Let
D ∈ Pic(Xδ) be a nef divisor. Then we can find
• non-negative integers n2, . . . , nδ;
• a sequence of contraction of (−1)−curves
Xδ // Xδ−1 // · · · // X2 // X1 ;
• a nef divisor D′ ∈ Pic(X1);
such that
D = nδ(−KXδ) + nδ−1(−KXδ−1) + . . .+ n2(−KX2) +D
′
Proof. We proceed by induction on δ. If δ ≤ 1, there is nothing to prove.
Suppose that δ ≥ 2 and let n := min
{
L · D | L ⊂ X a (−1)−curve}.
By assumption we have n ≥ 0. Let D¯ := D + nKXδ ; for every (−1)−curve
L ⊂ Xδ we have
D¯ · L = D · L+ nKXδ · L ≥ n− n = 0
Thus thanks to the previous Proposition, D¯ is nef. By construction there
is a (−1)−curve L0 ⊂ X such that D¯ · L0 = 0. Thus D¯ is the pull-back of
a nef divisor on the del Pezzo surface Xδ−1 obtained by contracting L0. By
induction, we have a sequence of contractions
Xδ−1 // · · · // X2 // X1 ,
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non-negative integers n2,. . . , nδ−1 and a nef divisor D
′ on X1 such that we
may write D¯ = nδ−1(−KXδ−1) + . . . + n2(−KX2) + D
′. Let nδ := n; with
this notation we have
D = nδ(−KXδ) + D¯
′ = nδ(−KXδ ) + . . . + n2(−KX2) +D
′
and a sequence of contractions as in the statement of the corollary. This
concludes the proof. ✷
2.2 First Cases of the Main Theorem
Theorem 2.6 Let Xδ be a del Pezzo surface of degree 9− δ; then the linear
system | −KXδ | has dimension 9− δ. If δ = 8, then | −KX8 | has a unique
base-point; if δ ≤ 7, then | −KXδ | is base-point free and if δ ≤ 6 it is very
ample.
Proof. This result is well-known (cf. [Ma]). ✷
Proposition 2.7 Let Xδ be a del Pezzo surface of degree 9 − δ ≥ 3. The
scheme Mbir
(
Xδ,−KXδ
)
is birational to a P6−δ−bundle over Xδ; in partic-
ular, it is rational and irreducible.
Proof. The surface Xδ is embedded in P
9−δ by the linear system |−KXδ |. A
general point [f : P1 → Xδ] of Mbir
(
Xδ ,−KXδ
)
corresponds to a morphism
whose image has a unique singular point p ∈ Xδ and is uniquely determined
by the hyperplane containing f(P1). Such a hyperplane is tangent to Xδ at
p. The hyperplanes in P9−δ intersecting Xδ in a curve with a singular point
at p are precisely the hyperplanes containing the tangent plane to Xδ at p.
We thus have a rational morphism
π :Mbir
(
Xδ,−KXδ
)
//___ Xδ
assigning to [f : P1 → Xδ] the unique singular point of f(P
1). The gen-
eral point of the fiber of π over a general point p ∈ Xδ corresponds to a
hyperplane containing the tangent plane to Xδ at p. The space of such
hyperplanes is isomorphic to P6−δ. Since Xδ is irreducible and the general
fiber of π is also, it follows that Mbir
(
Xδ ,−KXδ
)
is irreducible. ✷
Remark. The schemesM0,0
(
Xδ,−KX
)
are not irreducible if Xδ is the blow-
up of P2 at δ = 1 or 2 points. Indeed, let X1 be the blow-up of P
2 at one
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point p; there are two morphisms
X1
π1
~~||
||
||
|| π2
  B
BB
BB
BB
B
⊂ P2 × P1
P2 P1
and the divisor class of a fiber of π2 is ℓ− e, where ℓ is the pull-back of the
class of a line in P2 under π1 and e is the exceptional fiber of π1. It is clear
that the space of morphisms from a curve with dual graph
• •	

C¯2
	

C¯1
where C¯1 is a (rational) triple cover of a fiber of π2 and C¯2 is a double
cover of the exceptional fiber of π1 has dimension at least 7: there are 4
parameters for the triple cover of ℓ− e, 1 for the choice of fiber of π2 and 2
for the double cover of e.
Similarly, let X2 be the blow-up of P
2 at two distinct points p, q and let
{ℓ, e1, e2} be a standard basis. It is clear that the space of morphisms from
a curve with dual graph
• • •	

C¯2
	

D¯
	

C¯1
where C¯i is a double cover of the (−1)−curve with divisor class ei and D¯ is
a triple cover of the (−1)−curve with divisor class ℓ− e1− e2 has dimension
at least 8.
In both these cases it is easy to check (Proposition 1.17) that in fact
the dimension of the components described is precisely the indicated lower
bound.
It is also possible to show that these are the only irreducible components
of M0,0
(
X,−KX
)
besides the closure of M0,0
(
X,−KX
)
, when X is a del
Pezzo surface.
Proposition 2.8 Let X be a del Pezzo surface of degree two and let KX be
the canonical divisor of X. The scheme Mbir
(
X,−KX
)
is isomorphic to a
smooth plane quartic.
Proof. We know (Lemma 2.6) that there is a morphism κ : X → P2 associ-
ated to the anticanonical sheaf and since (−KX)
2 = 2 (and −KX is ample),
this morphism is finite of degree two. Let R ⊂ P2 be the branch curve,
and let 2r be its degree; denote by R¯ ⊂ X the ramification divisor. Let
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OX(1) = κ
∗OP2(1) ≃ OX(−KX); then using the identity KX = κ
∗KP2 + R¯,
we have OX(−1) ≃ OX(−3 + r) and we deduce that r = 2. Thus R is a
plane quartic. It is smooth since the morphism κ has degree two and X is
smooth.
The general point of every irreducible component ofMbir
(
X,−KX
)
cor-
responds to a singular divisor in | −KX |. These in turn are parameterized
by the tangent lines to the ramification curve R of κ. Let p ∈ R be a point
and let Lp be the tangent line to R at p. It is easy to convince oneself that
by associating to each point p in R the morphism which is the normalization
of κ−1(Lp) at κ
−1(p), gives an isomorphism R ≃Mbir
(
X,−KX
)
. ✷
We now deal with the three spaces Mbir
(
X,−nK
)
for n ∈ {1, 2, 3},
where X is a del Pezzo surface of degree one.
Proposition 2.9 Let X be a del Pezzo surface of degree one and let KX be
the canonical divisor of X. The scheme M0,0
(
X,−KX
)
has dimension zero
and length twelve. ✷
The next two results prove that Mbir
(
X,−2K
)
and Mbir
(
X,−3K
)
are
irreducible assuming that the del Pezzo surface X is general.
Theorem 2.10 Let X be a general del Pezzo surface of degree one and let
C be the closure of the set of points of | − 2KX | corresponding to reduced
curves whose normalization is irreducible and of genus zero. Then C is a
smooth irreducible curve.
Proof. The linear system associated to the line bundle OX(−2KX) on the
del Pezzo surface of degree one is base-point free and determines a finite
morphism κ of degree two to P3, whose image is a quadric cone Q. The
image R of the ramification divisor of κ is a smooth canonically embedded
curve of genus four which does not contain the vertex of the cone. Clearly,
the vertex v of Q is an isolated ramification point, since X is smooth.
Let C ⊂ |−2KX | ≃ P
3 be the closure of the set of all points corresponding
to integral curves whose normalization is irreducible and of genus zero. In
order to prove that C is smooth and irreducible, we will first prove it is
connected, and then that it is smooth.
Since the arithmetic genus of a divisor D in | − 2KX | is two, in order
for D to be integral and have geometric genus zero, D must be tangent to
the ramification divisor R¯ at two points. If we translate this in terms of the
image of the morphism κ, this implies that the plane P corresponding to the
divisor D intersects R along a divisor of the form 2(p)+ 2(q) + (r)+ (s), for
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some points p, q, r, s ∈ R. The condition that D should be integral translates
to the requirement that the plane P should not contain a line of Q. If this
happens, then we have P ∩ R = 2
(
(p) + (q) + (r)
)
and 2
(
(p) + (q) + (r)
)
is the (scheme-theoretic) fiber of the projection p|R away from the vertex v
(alternatively, (p)+ (q)+ (r) is the scheme-theoretic intersection of a line on
Q with R).
Consider the smooth surface R×R and the two projection morphisms
R×R
π1
{{xx
xx
xx
xx
x
π2
##F
FF
FF
FF
FF
R R
where π1 is the projection onto the first factor and π2 onto the second.
Denote by ∆ ⊂ R×R the diagonal. Let F := OR×R
(
π∗2KR−2∆
)
be a sheaf
on R×R and let E := (π1)∗F be a sheaf on R.
Clearly F is invertible. The sheaf E is locally free of rank two. To prove
this, we compute for any p ∈ R
h0
(
p,F
)
:= dimH0
(
(π1)
−1(p),F|(π1)−1(p)
)
= dimH0
(
R,OR
(
KR − 2(p)
))
We know that the last dimension is at least two, since there is a pencil
of planes in P3 containing the tangent line to R at p. By Riemann-Roch
it follows that the sheaf OR
(
KR − 2(p)
)
has non-vanishing first cohomol-
ogy group. By Clifford’s Theorem ([Ha] Theorem IV.5.4) the dimension of
H0
(
R,OR
(
KR−2(p)
))
is at most 3 and since R is not hyperelliptic (because
it is a canonical curve) and obviously KR − 2(p) is not 0 nor KR, it follows
that h0
(
p,F
)
= 2 for all p ∈ R.
We may now apply the first part of Grauert’s Theorem ([Ha] Corollary
III.12.9) to conclude that E = (π1)∗F is locally free and the second part
of the same theorem to conclude that the natural morphism of sheaves on
R×R
π∗1E = π
∗
1
(
(π1)∗F
)
// F
is surjective. In turn, this implies ([Ha] Proposition II.7.12) that there is a
commutative diagram
R×R
ϕ
//
π1

P
(
E
)
π

R
id
// R
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The morphism ϕ is finite of degree four. Let C¯ ⊂ R × R be the rami-
fication divisor of ϕ and let F ⊂ R × R be the closure of the set of points{
(p, q)
∣∣ pv(p) = pv(q) , p 6= q} (remember that pv is the projection away
from the cone vertex v of Q). Note that C¯ does not contain any fiber of
π, since all the induced morphisms ϕp : Rp := (π1)
−1(p) → P1p := π
−1(p)
are ramified covers of degree 4. Moreover we have Rp · C¯ = 14, since for all
p such intersection represents the ramification divisor of the morphism ϕp
which has degree four, and we may therefore compute the intersection using
the Hurwitz formula.
By definition, C¯ is the set of pairs (p, q) such that if we denote by P qp the
plane containing q and the tangent line to R at p (or the osculating plane
to R at p, if p = q), then we have P qp ∩R ≥ 2
(
(p) + (q)
)
.
We clearly have F ⊂ C¯, since if (p, q) ∈ F then P qp is in fact the tangent
plane to Q at p and thus P qp ∩R = 2
(
(p) + (q) + (r)
)
≥ 2
(
(p) + (q)
)
.
By definition we have C ⊂ C¯ and no component of C is also a component
of F , since the plane corresponding to a point in F intersects Q in a non-
reduced curve. It is also immediate to check that in fact C is the residual
curve to F in C¯, that is we have C¯ = C ∪ F .
We now prove that the residual curve C to F in C¯ is connected and (for
general X) smooth.
The connectedness of C is a consequence of a theorem of Kouvidakis:
the divisor class of C in R×R is 4(F1+F2)−∆, where ∆ is the diagonal and
the Fi’s are the fibers of the two projections to R. Thanks to [La] Example
1.5.13, we know that C is an ample divisor. In particular, C is connected.
To prove the smoothness of C, we will show that for any point (p, q) ∈ C
the two numbers mult(p,q)
((
π1
∣∣
C
)−1(
p
))
and mult(p,q)
((
π2
∣∣
C
)−1(
q
))
can-
not both be at least two. Since this would be the case if (p, q) were a singular
point, the theorem follows.
Let p ∈ R and let (p′) + (p′′) be the divisor obtained by intersecting the
curve R with the line on Q through p; we have(
π1
∣∣
C¯
)−1(
p
)
=
∑
q∈Rp
(
multq
(
P qp ∩R
)
− 1
)(
p, q
)
− 2
(
p, p
)
(
π1
∣∣
F
)−1(
p
)
=
(
p, p′
)
+
(
p, p′′
)
(
π1
∣∣
C
)−1(
p
)
=
∑
q∈Rp
(
multq
(
P qp ∩R
)
− 1
)(
p, q
)
−
(
p, p′
)
−
(
p, p′′
)
− 2
(
p, p
)
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and thus we deduce that
Ram
(
π1
∣∣
C
)
= Ram
(
π1
∣∣
C¯
)
−Ram
(
π1
∣∣
F
)
=
=
∑
p∈R
 ∑
q∈Rp∩C¯
(
multq
(
P qp ∩R
)
− 2
)(
p, q
)−
−
((
p1, p
′
1
)
+ . . .+
(
p12, p
′
12
))
where Rpi∩F = 2
(
pi, p
′
i
)
+
(
pi, pi
)
(equivalently, the line Li on Q containing
pi is tangent to the image of the ramification divisor of κ at p
′
i 6= pi).
We conclude that
(
p, q
)
∈ C is a ramification point for π1
∣∣
C
if and only if
P qp ∩R = 2(p)+3(q)+(r), for some r ∈ R. In view of this asymmetry between
p and q, we deduce that
(
p, q
)
can be a ramification for both projections
π1
∣∣
C
and π2
∣∣
C
if and only if P qp ∩ R = 3(p) + 3(q). If p and q are on the
same line on Q, then the inverse image under κ of that line would be a
cuspidal divisor in | − KX |, which we are excluding. We will now prove
that the dimension of the space of smooth canonically embedded curves R
of arithmetic genus four lying on a singular quadric and having a plane P
transverse to the quadric cone and intersecting R along a divisor of the form
3
(
(p) + (q)
)
is at most seven, and thus for the general del Pezzo surface of
degree one, this configuration does not happen. This will conclude the proof.
This is simply a dimension count: using automorphisms of P3 we may
assume that the plane P has equation X3 = 0 and that the quadric cone
has equations X0X1 = X
2
2 . We may also assume that p and q have coor-
dinates [1, 0, 0, 0] and [0, 1, 0, 0] respectively. Note that we still have a two-
dimensional group of automorphisms (with one generator corresponding to
rescaling the coordinate X3, and the other corresponding to multiplying the
coordinate X0 by a non-zero scalar and the coordinate X1 by its inverse).
With these choices, the quadric cone is completely determined, as well as
the plane P . We still need to compute how many parameters are accounted
for by the cubic intersecting the cone in R.
For this last computation, we consider the short exact sequences of
sheaves
0 // OP3 // OP3(2) // OQ(2) // 0
0 // OQ(2) // OQ(3) // OR(3) // 0
The first sequence implies that the cohomology groups Hi
(
Q,OQ(2)
)
are zero for i ≥ 1; therefore, from the second sequence we deduce that the
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dimension of the space of cubics vanishing on R is nine. Subtracting the
two-dimensional automorphism group leaves us with a family of dimension
seven. Since there is a family of dimension eight of del Pezzo surfaces of
degree one, we conclude. ✷
In order to prove a similar result for the divisor class −3KX , we first
establish a lemma.
Lemma 2.11 Let X be a smooth projective surface and let K1, K2 and K3
be three distinct nodal rational divisors of anticanonical degree one meeting
at a point p ∈ X. Suppose that two of the components meet transversely at
p. Let f : C¯ := K¯1 ∪ K¯2 ∪ K¯3 ∪ E¯ −→ X be the stable map of genus zero,
such that
• the morphism fi := f |K¯i is the normalization of Ki followed by the
inclusion in X;
• the component E¯ is contracted to the point p ∈ K1 ∩K2 ∩K3;
• the dual graph of the morphism f is
• •
•
•	
K¯3
	

E¯
?????
	
K¯2	

K¯1
Dual graph of f
Then the point represented by the morphism f in M0,0
(
X,−3KX
)
lies
in a unique irreducible component.
Proof. The expected dimension ofM0,0
(
X,−3KX
)
is−KX ·(K1+K2+K3)−
1 = 2. The first step of the proof consists of proving that the embedding
dimension of M0,0
(
X,K1 + K2 + K3
)
at [f ] is at most three. To prove
this, it suffices to prove that H1
(
C¯, f∗TX
)
is one-dimensional. This in turn
will follow from the fact that H0
(
C¯, f∗TX
)
has dimension six. On each
irreducible component K¯i we have f
∗
i TX ≃ OK¯i(2) ⊕ OK¯i(−1), where the
OK¯i(2) summand is the tangent sheaf of K¯i. Denote by fE the restriction of
f to the component E¯; we have f∗ETX ≃ OE¯ ⊕OE¯ . Consider the sequence
0 // f∗TX // f
∗
1TX ⊕ f
∗
2TX ⊕ f
∗
3TX ⊕ f
∗
ETX // TX,p ⊕ TX,p ⊕ TX,p // 0
(2.16)
Since two if the Ki’s meet transversely at p, it follows that in order for
the global sections on the irreducible components of C¯ to glue together, it is
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necessary that the sections on the K¯i’s vanish at the node with E¯. Moreover,
if such a condition is satisfied, clearly the sections on the components K¯i
together with the zero section on E¯ glue to give a global section of f∗TX .
We deduce that H0
(
C¯, f∗TX
)
has dimension six, and it is isomorphic to
H0
(
K¯1,TK¯1(−p¯1)
)
⊕H0
(
K¯2,TK¯2(−p¯2)
)
⊕H0
(
K¯3,TK¯3(−p¯3)
))
, where p¯i ∈ K¯i
is the node with E¯. From the exact sequence (2.16) and the fact that
H1
(
C¯, f∗1TX ⊕ f
∗
2TX ⊕ f
∗
3TX ⊕ f
∗
ETX
)
= 0, we deduce that
h1
(
C¯, f∗TX
)
= 6− χ
(
C¯, f∗TX
)
= 6− (3 + 3 + 3 + 2) + 6 = 1
Thus the embedding dimension of M0,0
(
X,K1 +K2 + K3
)
at [f ] is at
most three, as stated above. It follows that we may write
Oˆ[f ]M0,0
(
X,K1 +K2 +K3
)
≃ k[[t1, t2, t3]]/(g)
We thus deduce that all the components through [f ] have dimension
equal to two, since there is a component of dimension two through [f ] and if
there were also a component of dimension three or more containing [f ], then
the embedding dimension would be more than three. Moreover, if there are
two components containing [f ], then the singular points of M0,0
(
X,K1 +
K2 + K3
)
near [f ] must have dimension equal to one. We prove that [f ]
is an isolated singular point, and thus we conclude that there is a unique
component containing [f ].
Let U ⊂ M0,0
(
X,K1 + K2 + K3
)
be the open subset of morphisms
g : D¯ → X which are immersions and birational to their image.
The subset U is contained in the smooth locus ofM0,0
(
X,K1+K2+K3
)
thanks to Proposition 1.17. Moreover U ∪
{
[f ]
}
is a neighbourhood of [f ]:
all the morphisms in a neighbourhood of [f ] must have image consisting of
at most two components, since the morphisms fi have no infinitesimal defor-
mations. It follows that there are neighbourhoods of [f ] such that [f ] is the
only morphism with a contracted component. Since the image of f has no
cusps and any two components meet transversely, the same statement holds
for all the morphisms in a neighbourhood of [f ]. It follows that U ∪
{
[f ]
}
is a neighbourhood of [f ]. Thus [f ] is an isolated singular point (possibly a
smooth point) and since the embedding dimension ofM0,0
(
X,K1+K2+K3
)
at [f ] is at most three it follows that M0,0
(
X,K1 +K2 +K3
)
is locally ir-
reducible near [f ], thus concluding the proof of the lemma. ✷
Theorem 2.12 Let X be a del Pezzo surface of degree one such that the
space Mbir
(
X,−2KX
)
is irreducible and all the rational divisors in | −KX |
are nodal. Let S be the closure of the set of points of |−3KX | corresponding
2 DIVISORS OF SMALL DEGREE: THE PICARD LATTICE 45
to reduced curves whose normalization is irreducible and of genus zero. Then
S is an irreducible surface.
Proof. Let f : P1 → X be a morphism in Mbir
(
X,−3KX
)
. Thanks to
Proposition 1.22 and Lemma 1.20, we may assume that f is an immersion
and that its image contains a general point p of X. In particular it follows
that [f ] represents a smooth point ofMbir
(
X,−3KX
)
. We choose the point
p to be an independent point (Definition 1.24).
Consider the space of morphisms of Mbir
(
X,−3KX
)
in the same irre-
ducible component as [f ] which contain the point p in their image, denote
this space byMbir(p). It follows immediately from the dimension estimates
(1.14) that dim[f ]Mbir(p) = 1 and that [f ] is a smooth point of Mbir(p).
We may therefore find a smooth irreducible projective curve B, a normal
surface π : S → B and a morphism F : S → X such that the induced
morphism B → Mbir(p) is surjective onto the component containing [f ].
From [Ko] Corollary II.3.5.4, it follows immediately that the morphism F
is dominant. We want to show that there are fibers of π that are reducible.
This is clear, since the morphism F ∗ : Pic(X) → Num(S) is injective, and
Pic(X) has rank nine, while if every fiber of π were a smooth rational curve,
it would follow that π : S → B is a ruled surface ([Ha] V.2) and thus that
the rank of Num(S) is two.
This implies that there must be a morphism f0 : C¯ → X with reducible
domain in the family of stable maps parametrized by B, and since all such
morphisms contain the general point p in their image, the same is true
of the morphism f0. In particular, since the point p does not lie on any
rational curve of anticanonical degree 1, it follows that C¯ consists of exactly
two components C¯1 and C¯2, where each C¯i is irreducible and we may assume
that f0(C¯1) has anticanonical degree one and f0(C¯2) has anticanonical degree
two. Denote by Ci the image of C¯i. It also follows from the definition of an
independent point and Proposition 1.17 that f0 represents a smooth point
of Mbir
(
X,−3KX
)
.
There are two possibilities for the divisor C1: it is either a (−1)−curve
(there are 240 such divisors on X), or it is rational curve in the anticanonical
divisor class (there are 12 such divisors on X). We will prove that we may
assume that C1 is a rational divisor in the anticanonical linear system.
Suppose that C1 is a (−1)−curve and let C
′
1 ⊂ X be the (−1)−curve
such that C1 + C
′
1 = −2KX . The curve C2 is thus an integral curve in
the linear system −3KX − C1 = −KX − C
′
1. It follows that C2 is in the
anticanonical linear system on the del Pezzo surface of degree two obtained
by contracting C ′1.
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The morphism ϕ : X → P2 associated to the divisor C2 is the contraction
of the (−1)−curve C ′1 followed by the degree two morphism to P
2 induced
by the anticanonical divisor on the resulting surface X ′. In the plane P2 we
therefore have
• the image of the ramification curve R, which is a smooth plane quartic;
• the image of C ′1, which is a point q;
• the image of C1, which is a plane quartic with a triple point at q and
is everywhere tangent to ϕ(R);
• the image of C2, which is a tangent line to ϕ(R).
To be precise, the ramification divisor of ϕ consists of two disjoint compo-
nents, one is the (−1)−curve C ′1, whose image is the point q, and the other
is a curve whose image is a smooth plane quartic.
Consider the morphism
Slf0(C¯2)
a
// C¯1
and let p¯ ∈ C¯1 be one of the (three) points mapping to the intersection
C1 ∩ C
′
1 (and in particular, ϕ
(
f0(p¯)
)
= q). Let f1 be a morphism in the
fiber of a above the point p¯. The image of f1 consists of the divisor ϕ(C1)
together with one of the tangent lines L to ϕ(R) containing the point q.
The domain curve of f1 consists of possibly a contracted component and
three more non-contracted components C¯1 mapped to C1, L¯ mapped to the
closure of ϕ−1
(
L
)
\ C ′1 and finally C¯
′
1 mapped to the (−1)−curve C
′
1. The
possible dual graphs of f1 are
• • •	

C¯1
	

C¯′1
	

L¯
• •
•
•	
C¯′1
??????
	

C¯1
	

E¯
	

L¯
Possible dual graphs of f1
Note that in the first case f1 represents a smooth point of the space
M0,0
(
X,−3KX
)
; in the second case, we may apply Lemma 2.11 to conclude
that even if [f1] is not a smooth point, deforming it produces morphisms
in the same irreducible component as f1. Smoothing out the components
C¯1 ∪ C¯
′
1 (or C¯1 ∪ E¯ ∪ C¯
′
1 if there is a contracted component) we obtain
a morphism which has one component (the one obtained by smoothing)
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mapped birationally to a rational curve in |− 2KX | and another component
(the component L¯, with notation as above) mapped birationally to a rational
divisor in | −KX |.
Thus we may deform the original morphism f to a morphism f0 : C¯1 ∪
C¯2 → X such that C¯1 is mapped birationally to a rational curve in the
anticanonical linear system and C¯2 is mapped birationally to a rational
curve in | − 2KX |.
Choose three nodal rational curves K1, K2 and K3 in the linear system
−KX . We prove now that we may deform f0 without changing the irre-
ducible component of M0,0
(
X,−3KX
)
to the morphism g : K¯1 ∪ K¯2 ∪ K¯3 ∪
E¯ −→ X such that K¯i is the normalization of Ki, E¯ is contracted to the
point in the intersection K1 ∩K2 ∩K3 and the dual graph of g is
• •
•
•	
K¯3
	

E¯
?????
	
K¯2	

K¯1
Dual graph of g
It follows from this and Lemma 2.11 that Mbir
(
X,−3KX
)
is irreducible.
To achieve the required deformation, we consider the morphism
Slf0(C¯2)
π
//Mbir
(
X,−2KX
)
and note that π is surjective sinceMbir
(
X,−2KX
)
is irreducible by assump-
tion.
Relabeling K1, K2 and K3, we may suppose that C1 6= K2,K3. Thus
we may specialize f0 to a morphism f1 : C¯1 ∪ K¯2 ∪ K¯3 ∪ E¯ −→ X such that
f1(K¯i) = Ki, E¯ is contracted by f1 and the dual graph of f1 is
• •
•
•	
K¯3
	

E¯
?????
	
K¯2	

C¯1
Dual graph of f1
Thanks to Lemma 2.11 any deformation of such morphism is in the same
irreducible component of M0,0
(
X,−3KX
)
as f0 and hence in the same ir-
reducible component as the morphism f .
We may now smooth the components C¯1∪ K¯2∪ E¯ to a single irreducible
component mapped birationally to the divisor class −2KX and then we may
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use irreducibility of Mbir
(
X,−2KX
)
again to prove that we may specialize
the component thus obtained to break as K¯1 ∪ K¯2. The morphism g thus
obtained is the one we were looking for, and the theorem is proved. ✷
Remark. Thanks to Theorem 2.10, the spaceMbir
(
X,−2KX
)
is irreducible
for the general del Pezzo surface of degree one. Thus it follows from Theorem
2.12 that also the space Mbir
(
X,−3KX
)
is irreducible for the general del
Pezzo surface of degree one.
2.3 The Picard Group and the Orbits of the Weyl Group
In this section we prove some results on the divisor classes of the blow-
up of P2 at eight or fewer general points. In particular we analyze several
questions regarding the divisor classes of the conics and their orbits under
the Weyl group.
Let Xδ be the blow-up of P
2 at δ ≤ 8 points such that no three are on
a line, no six of them are on a conic and there is no cubic through seven of
them with a node at the eighth.
Definition 2.13 A divisor C on Xδ is called a conic if −KXδ · C = 2 and
C2 = 0.
Suppose that {ℓ, e1, . . . , eδ} is a standard basis of Pic(Xδ). If C = aℓ−
b1e1 − . . . − bδeδ is a divisor class on Xδ, then to simplify the notation we
simply write it as (a ; b1, . . . , bδ).
Proposition 2.14 The conics on X8 are given, up to permutation of the
ei’s, by the following table:
Type ℓ e1 e2 e3 e4 e5 e6 e7 e8
A 1 1 0 0 0 0 0 0 0
B 2 1 1 1 1 0 0 0 0
C 3 2 1 1 1 1 1 0 0
D 4 2 2 2 1 1 1 1 0
E 5 2 2 2 2 2 2 1 0
D′ 4 3 1 1 1 1 1 1 1
F 5 3 2 2 2 1 1 1 1
G 6 3 3 2 2 2 2 1 1
H 7 3 3 3 3 2 2 2 1
H ′ 7 4 3 2 2 2 2 2 2
I 8 4 3 3 3 3 2 2 2
I ′ 8 3 3 3 3 3 3 3 1
J 9 4 4 3 3 3 3 3 2
K 10 4 4 4 4 3 3 3 3
L 11 4 4 4 4 4 4 4 3
(2.17)
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Their numbers are given by the table:
δ 8 7 6 5 4 3 2
conics 2160 126 27 10 5 3 2
Proof. We proceed just like in [Ma] IV, §25. The condition of being a conic
translates to the equations
a2 −
8∑
i=1
b2i = 0
3a−
8∑
i=1
bi = 2
and we may equivalently rewrite these as
8∑
i=1
(
a− 2bi − 2
)2
= 16
3a−
8∑
i=1
bi = 2
It is now easy (but somewhat long) to check that (2.17) is the complete list
of solutions up to permutations. ✷
Remark. The classes of conics on Xδ for δ ≤ 7 are obtained from the ones in
list (2.17) by erasing 8− δ zeros and permuting the remaining coordinates.
Thus (up to permutations) the first five rows and seven columns describe
conics on X7, the first three rows and six columns are the conics on X6 and
so on.
We introduce the following notation (which luckily won’t be extremely
useful, but allows us to name conics!) for the classes of the conics on Xδ,
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δ ≤ 8 (we set also E¯ := e1 + . . . + e8):
Ai = ℓ− ei
Bijkl=2ℓ− ei − ej − ek − el
Cjki =3ℓ− E¯ − ei + ej + ek
Dlijk =4ℓ− E¯ − ei − ej − ek + el
Eji =5ℓ− 2E¯ + ei + 2ej
D′i =4ℓ− E¯ − 2ei
F jkli =5ℓ− E¯ − 2ei − ej − ek − el
Gklij =6ℓ− 2E¯ − ei − ej + ek + el

H lijk =7ℓ− 3E¯ + ei + ej + ek + 2el
(H ′)li=7ℓ− 2E¯ − 2ei − ej
Iijki =8ℓ− 3E¯ − ei + ej + ek + el
I ′i =8ℓ− 3E¯ + 2ei
Jkij =9ℓ− 3E¯ − ei − ej + ek
Kijkl =10ℓ− 3E¯ − ei − ej − ek − el
Li =11ℓ− 4E¯ + ei
(2.18)
Denote by · the intersection form on the lattice Pic(Xδ). From now on
by an automorphism of Pic(Xδ) we will always mean a group automorphism
of the lattice which preserves the intersection form and the canonical class;
we let Wδ := Aut
(
Pic(Xδ),KXδ , ·
)
, and we refer to Wδ as the Weyl group.
It will be useful later to know what are the orbits of pairs of conics under
the automorphism group Wδ of Pic(Xδ).
Lemma 2.15 The group Wδ, 2 ≤ δ ≤ 8, acts transitively on the conics.
Proof. We only prove this in the case δ = 8 and it will be clear from the
proof that the same argument applies to the other cases.
Choose a standard basis {ℓ, e1, . . . , e8} of Pic(X); it is enough to prove
that the elements in the list (2.17) are in the same orbit, since any permu-
tation of the indices is an element of W8.
Introduce the following automorphism of Pic(X8):
T123 :

ℓ 7−→ 2ℓ− e1 − e2 − e3
e1 7−→ ℓ− e2 − e3
e2 7−→ ℓ− e1 − e3
e3 7−→ ℓ− e1 − e2
eα 7−→ eα
4 ≤ α ≤ 8
and note that applying T123 to an element
(
a ; b1, . . . , b8
)
transforms it to(
a ; b1, . . . , b8
) T123−→ (2a−b1−b2−b3 ; a−b2−b3, a−b1−b3, a−b1−b2, b4, . . . , b8)
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By inspection, the quantity 2a − b1 − b2 − b3 for elements in list (2.17) is
always strictly smaller than the initial value of a unless a = 1. Permuting
the indices so that b1, b2, b3 are the three largest coefficients among the bi’s
and iterating this strategy finishes the argument. Note that we are always
“climbing up” list (2.17) and the conics on X7 are the ones above line 5,
and are hence preserved by the automorphism T123 and the permutations
needed. Similar remarks are valid for Xδ , with 3 ≤ δ ≤ 6, and the result is
obvious for X2, where the automorphism T123 is not defined. ✷
Remark. It is known ([Ma] Theorem IV.23.9) that the groupWδ is generated
by the permutations of the indices of the ei’s together with the transforma-
tion T123.
Suppose now we consider the action of the Weyl group on ordered pairs
of conics
(
Q1, Q2
)
. Clearly the number Q1 ·Q2 is an invariant of this action,
and by looking at the list (2.17) it is easy to convince oneself that
δ = 8 7 6 5 4 3 2
Q1 ·Q2 ≤ 8 4 2 2 1 1 1
and that all the possible values between 0 and the number given above are
attained.
Thus, for example, we know that the action of W8 on pairs of conics has
at least 9 orbits.
If δ = 8, there is one more “invariant” underW8 of pairs of conics: define
a pair
(
Q1, Q2
)
to be ample if Q1 + Q2 is an ample divisor on X8. Since
the property of being ample is a numerical property, it follows that it is a
property of the W8−orbit of the pair.
The next proposition proves that the lower bounds on the number of
orbits obtained by considering the intersection product and ampleness (in
case δ = 8) of the pair are in fact the correct number of orbits. Indeed,
unless δ = 8 it is enough to consider the intersection product, while if δ = 8,
there are two orbits with Q1 · Q2 = 4, and only one of the two consists of
ample pairs.
Proposition 2.16 Let Q1 and Q2 be two conics in Xδ, 2 ≤ δ ≤ 8. The
intersection product Q1 · Q2 determines uniquely the orbit of the (ordered)
pair
(
Q1, Q2
)
under Wδ with the only exception of δ = 8 and Q1 · Q2 = 4
which has exactly two orbits.
Proof. As for the previous lemma, we will only prove this proposition in the
case δ = 8; for the remaining cases simply ignore the inexistent indices.
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Thanks to the previous lemma, we already know that we may assume
Q1 = ℓ− e1 which is the conic labeled A1 in (2.18).
The strategy is very simple: we again climb up the list (2.17) using the
automorphism T123 followed by a permutation of the indices {2, . . . , 8} so
that the resulting b2 and b3 are the two largest bi’s, with i ≥ 2. Note that
the elements of Wδ described above do indeed fix Q1.
The case Q2 = 11ℓ−4E¯+e1 is easily seen to be fixed by all permutations
of {2, . . . , 8} and by the automorphism T123.
In the following diagrams we write all possible conics with the given in-
tersection product with A1, sorting the entries b2, . . . , b8 in non-increasing
order. An arrow going up means: apply T123 and permute the indices differ-
ent from 1 so that the entries under e2, . . . , e8 are in non-increasing order.
A1 · Q2 = 7
55
55
A 1 1 0 0 0 0 0 0 0
I ′ 8 1 3 3 3 3 3 3 3
J 9 2 4 4 3 3 3 3 3
K 10 3 4 4 4 4 3 3 3
L 11 4 4 4 4 4 4 4 3
T123
55
A1 · Q2 = 6
5522
A 1 1 0 0 0 0 0 0 0
H 7 1 3 3 3 3 2 2 2
I 8 2 4 3 3 3 3 2 2
J 9 3 4 4 3 3 3 3 2
K 10 4 4 4 4 4 3 3 3
22
A1 · Q2 = 5
44 22
22
A 1 1 0 0 0 0 0 0 0
E 5 0 2 2 2 2 2 2 1
G 6 1 3 3 2 2 2 2 1
H ′ 7 2 4 3 2 2 2 2 2
H 7 2 3 3 3 3 2 2 1
I ′ 8 3 3 3 3 3 3 3 1
I 8 3 4 3 3 3 2 2 2
J 9 4 4 3 3 3 3 3 2
44
55
44
Next is the case in which there is the exception. Note that if δ = 7, the
possible intersection numbers A1 ·Q2 are at most 4, and A1 ·Q2 = 4 only if
Q2 = 5ℓ− e1− 2e2 − 2e3− 2e4 − 2e5 − 2e6− 2e7; thus the “top orbit” of the
next diagram does not appear for δ ≤ 7.
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A1 · Q2 = 4
4422
22
A 1 1 0 0 0 0 0 0 0
D 4 0 2 2 2 1 1 1 1
F 5 1 3 2 2 2 1 1 1
G 6 2 3 3 2 2 2 1 1
H 7 3 3 3 3 2 2 2 1
I 8 4 3 3 3 3 2 2 2
E 5 1 2 2 2 2 2 2 0
H ′ 7 3 4 2 2 2 2 2 2
22
44
A1 · Q2 = 3
44
44
4455
A 1 1 0 0 0 0 0 0 0
C 3 0 2 1 1 1 1 1 0
D 4 1 2 2 2 1 1 1 0
E 5 2 2 2 2 2 2 1 0
D′ 4 1 3 1 1 1 1 1 1
F 5 2 3 2 2 1 1 1 1
G 6 3 3 2 2 2 2 1 1
H ′ 7 4 3 2 2 2 2 2 2
55
55
A1 · Q2 = 2
4422
A 1 1 0 0 0 0 0 0 0
B 2 0 1 1 1 1 0 0 0
C 3 1 2 1 1 1 1 0 0
D 4 2 2 2 1 1 1 1 0
F 5 3 2 2 2 1 1 1 1
22
A1 · Q2 = 1
44
44
A 1 1 0 0 0 0 0 0 0
A 1 0 1 0 0 0 0 0 0
B 2 1 1 1 1 0 0 0 0
C 3 2 1 1 1 1 1 0 0
D′ 4 3 1 1 1 1 1 1 1
44
Finally, note that A1 + D
1
234 = −KX8 + B234 is ample (being the sum
of an ample divisor and a nef divisor), while
(
A1 + E
8
1
)
· e8 = 0. Thus the
pair
(
A1,D
1
234
)
is ample, while the pair
(
A1, E
8
1
)
is not ample and therefore
they cannot lie in the same orbit under the Weyl group. This concludes the
proof. ✷
Remark. The same statement of Proposition 2.16 is clearly true if we are
only interested in unordered pairs of conics. This is obvious because the
invariants we needed to detect all the orbits are invariants of unordered
pairs, rather than ordered pairs.
The next two lemmas deal with a del Pezzo surface of degree one.
Lemma 2.17 Let X be a del Pezzo surface of degree one and let L ⊂ X be
a (−1)−curve. If L1, L2 ⊂ X are (−1)−curves such that L1 · L = L2 · L,
then L1 and L2 are in the same orbit of the stabilizer of L in Aut
(
Pic(X)
)
.
Remark. The possible intersection numbers between any two (−1)−curves
on a del Pezzo surface of degree one are -1, 0, 1, 2 and 3. Moreover, the
groupW8 := Aut
(
Pic(X)
)
acts transitively on (−1)−curves ([Ma] Corollary
25.1.1). Thus as a consequence of this fact and the lemma we conclude that
the stabilizer in the groupW8 of a (−1)−curve has exactly five orbits on the
set of (−1)−curves.
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Proof. We may choose a standard basis
{
ℓ, e1, . . . , e8
}
of Pic(X) such that
L = e8. Given any divisor class D ∈ Pic(X), we write D = aℓ − b1e1 −
. . . − b8e8. With these conventions, the classes of the (−1)−curves up to
permutations of the indices 1, . . . , 8 are ([Ma] Table IV.8)
a b1 b2 b3 b4 b5 b6 b7 b8
0 −1 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0
2 1 1 1 1 1 0 0 0
3 2 1 1 1 1 1 1 0
4 2 2 2 1 1 1 1 1
5 2 2 2 2 2 2 1 1
6 3 2 2 2 2 2 2 2
(2.19)
and the stabilizer of e8 contains the group S generated by all permutations of
1, . . . , 7 and the automorphism T123 considered above. In fact the stabilizer
of e8 is equal to the group S just described, but we do not need this fact.
The proof consists simply in fixing one value for the coordinate b8 and
checking that all vectors with that last coordinate are in the same orbit of
the group S.
b8 = 3. There is only one vector in the list (2.19) with an entry 3 in one of
the bi columns and there is nothing to prove in this case.
b8 = 2. We have
T123
(
6 ; 3, 2, 2, 2, 2, 2, 2, 2
)
=
(
5 ; 2, 1, 1, 2, 2, 2, 2, 2
)
T145
(
5 ; 2, 1, 1, 2, 2, 2, 2, 2
)
=
(
4 ; 1, 1, 1, 1, 1, 2, 2, 2
)
T167
(
4 ; 1, 1, 1, 1, 1, 2, 2, 2
)
=
(
3 ; 0, 1, 1, 1, 1, 1, 1, 2
)
and using permutations of 1, . . . , 7 we conclude.
b8 = 1. We have
T123
(
5 ; 2, 2, 2, 2, 2, 2, 1, 1
)
=
(
4 ; 1, 1, 1, 2, 2, 2, 1, 1
)
T145
(
4 ; 1, 1, 1, 2, 2, 2, 1, 1
)
=
(
3 ; 0, 1, 1, 1, 1, 2, 1, 1
)
T456
(
3 ; 0, 1, 1, 1, 1, 2, 1, 1
)
=
(
2 ; 0, 1, 1, 0, 0, 1, 1, 1
)
T236
(
2 ; 0, 1, 1, 0, 0, 1, 1, 1
)
=
(
1 ; 0, 0, 0, 0, 0, 0, 1, 1
)
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b8 = 0. We have
T123
(
3 ; 2, 1, 1, 1, 1, 1, 1, 0
)
=
(
2 ; 1, 0, 0, 1, 1, 1, 1, 0
)
T145
(
2 ; 1, 0, 0, 1, 1, 1, 1, 0
)
=
(
1 ; 0, 0, 0, 0, 0, 1, 1, 0
)
T167
(
1 ; 0, 0, 0, 0, 0, 1, 1, 0
)
=
(
0 ; −1, 0, 0, 0, 0, 0, 0, 0
)
b8 = −1. The only divisor class of a (−1)−curve with b8 = −1 is e8.
This completes the cases we needed to check and the proof of the lemma.
✷
The following is the last lemma of the section.
Lemma 2.18 Let L be the divisor class of a (−1)−curve on a del Pezzo
surface X of degree one, and let
B :=
{{
λ1, λ2, λ3
} ∣∣∣ λi is a (−1)−curve, and λ1 + λ2 + λ3 = −2KX + L}
The stabilizer in W8 of L has exactly four orbits on B.
Proof. Choose a standard basis of Pic(X) such that L = e8. With this
choice of basis, we have
λ1 + λ2 + λ3 =
(
6 ; 2, 2, 2, 2, 2, 2, 2, 1
)
Let βi be the coefficient of −e8 in the chosen basis of λi. We deduce
from above that
β1 + β2 + β3 = 1
−1 ≤ βi ≤ 3
and thus, the solutions
{
β1, β2, β3
}
of the above system are
{
3,−1,−1
}
,{
2,−1, 0
}
,
{
1, 1,−1
}
and
{
1, 0, 0
}
.
Permuting the λi’s we may assume that β1 ≥ β2 ≥ β3 and using Lemma
2.17, we may assume that the divisor class of λ1 is(
6 ; 2, 2, 2, 2, 2, 2, 2, 3
)
if β1 = 3,(
6 ; 3, 2, 2, 2, 2, 2, 2, 2
)
if β1 = 2,(
5 ; 2, 2, 2, 2, 2, 2, 1, 1
)
if β1 = 1.
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It follows immediately that we must therefore have
β1 = 3 :

λ1 =
(
6 ; 2, 2, 2, 2, 2, 2, 2, 3
)
λ2 =
(
0 ; 0, 0, 0, 0, 0, 0, 0,−1
)
λ3 =
(
0 ; 0, 0, 0, 0, 0, 0, 0,−1
)
β1 = 2 :

λ1 =
(
6 ; 3, 2, 2, 2, 2, 2, 2, 2
)
λ2 =
(
0 ; 0, 0, 0, 0, 0, 0, 0,−1
)
λ3 =
(
0 ; −1, 0, 0, 0, 0, 0, 0, 0
)
β1 = 1
and
β2 = 1
:

λ1 =
(
5 ; 2, 2, 2, 2, 2, 2, 1, 1
)
λ2 =
(
1 ; 0, 0, 0, 0, 0, 0, 1, 1
)
λ3 =
(
0 ; 0, 0, 0, 0, 0, 0, 0,−1
)
β1 = 1
and
β2 = 0
:

λ1 =
(
5 ; 2, 2, 2, 2, 2, 2, 1, 1
)
λ2 =
(
0 ; −1, 0, 0, 0, 0, 0, 0, 0
)
λ3 =
(
1 ; 1, 0, 0, 0, 0, 0, 1, 0
)
thus proving the lemma. ✷
3 Realizing the Deformation: from Large to Small
Degree
3.1 Breaking the Curve
In this section we construct deformations of a general point in every ir-
reducible component of the space Mbir
(
X,β
)
to morphisms with image
containing only curves of small anticanonical degree.
Lemma 3.1 Let f : P1 → X be a free birational morphism to a del Pezzo
surface. In the same irreducible component of Mbir
(
X, f∗[P
1]
)
as f there is
a morphism g : C¯ → X birational to its image such that for every irreducible
component C¯ ′ ⊂ C¯, g|C¯′ is a free morphism whose image has anticanonical
degree two or three.
Proof. We establish the lemma by induction on d := −KX · f∗[P
1]. There
is nothing to prove if d ≤ 3, since the image of a free morphism has anti-
canonical degree at least two (Lemma 1.20).
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Suppose that d ≥ 4. Thanks to Proposition 1.22, we may assume that
the image of f contains d−2 ≥ 2 general points p1, . . . , pd−2 of X. Denote by
Mbir
(
p1, . . . , pd−2
)
the locus of morphisms of Mbir
(
X, f∗[P
1]
)
whose image
contains the points p1, . . . , pd−2. Using the dimension estimate (1.14), we
deduce that dim[f ]Mbir
(
p1, . . . , pd−2
)
= 1 and thus there is a one-parameter
family of morphisms containing f whose images contain the general points
p1, . . . , pd−2. Thanks to Lemmas 1.25 and 1.26 we deduce that in the same
irreducible component of Mbir
(
X, f∗[P
1]
)
as f we can find a morphism f0 :
C¯1 ∪ C¯2 → X such that f0 is birational to its image, C¯i ≃ P
1 and f0|C¯i
is a free morphism. We also have di := −KX · f1(C¯i) ≥ 2, and thus by
induction on d, we know that the irreducible component ofMbir
(
X, f0(C¯i)
)
containing f0|C¯i contains a morphism gi : C¯
i
1 ∪ . . . ∪ C¯
i
ri
−→ X with all the
required properties. Thus considering the morphism
Slf0(C¯2)
π
//Mbir
(
X, f0(C¯2)
)
we deduce that we may find a morphism f1 : C¯1∪ C¯
2
1 ∪ . . .∪ C¯
2
r2
−→ X with
dual graph
• •
•
•
dual
graph
of g2
	

C¯2c
	

C¯2a
	

C¯2
b
	

C¯1
Dual graph of f1
Similarly, considering the morphism
Slf1(C¯1)
π //Mbir
(
X, f0(C¯1)
)
we deduce that we may find a morphism f2 : C¯
1
1∪. . .∪C¯
1
r1
∪C¯21∪. . .∪C¯
2
r2
−→
X with dual graph
•
dual
graph
of g1
•
• •
•
•
dual
graph
of g2
	

C¯2c
	

C¯2a
	

C¯2
b
	

C¯1a
	

C¯1c
	

C¯1
b
Dual graph of f2
To conclude, we need to show that the images C1a and C
2
a of C¯
1
a and C¯
2
a
respectively can be assumed to be distinct.
Suppose C1a = C
2
a . If the anticanonical degree of C
1
a is at least three,
then we may deform one of them, keeping the image of the node between
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C¯1a and C
2
a fixed and conclude. Suppose therefore that −KX · C
1
a = 2. Let
ϕ : C¯1a → C¯
2
a be the morphism (f2)
−1 ◦ (f2)|C¯1a and let p¯i ∈ C¯
i
a be the point
in the intersection C¯1a ∩ C¯
2
a . There are two possibilities: either ϕ(p¯1) 6= p¯2,
or ϕ(p¯1) = p¯2. In the first case, the deformations of the morphism f2|C¯1a∪C¯2a
fixing the component C¯1a actually change the image of the other component,
allowing us to conclude. In the second case, there is a one-dimensional space
of deformations of the stable map obtained by “sliding the point p¯i along
C¯ia.” Moreover, there must be components in the image of f2 different from
Cia, since otherwise the morphism f could not have been birational to its
image. Thus we may assume that C¯2a is adjacent to a curve mapped to
a curve different from C1a = C
2
a , call this curve D¯ (remember that gi is
birational to its image). Let q¯ ∈ C¯2a be the node between C¯
2
a and D¯. We
may slide the node p¯i until it reaches the point q¯ to obtain a morphism f3
with dual graph
•
dual
graph
of g1
•
• •
•
•
•
•
dual
graph
of g2
	

C¯2c
	

C¯2a
	

C¯2
b
	

E¯
	

D¯
	

C¯1a
	

C¯1c
	

C¯1
b
Dual graph of f3
where the component labeled E¯ is contracted to the point f2(q¯). Since the
sheaf f∗3TX is globally generated on each component of the domain of f3 it
follows that f3 is a smooth point of M0,0
(
X, f∗[P
1]
)
.
Clearly the morphism f3 is also a limit of morphisms f4 with dual graphs
•
dual
graph
of g1
•
• • •
•
•
dual
graph
of g2
	

C¯2c
	

C¯2a
	

C¯2
b
	

D¯
	

C¯1a
′
	

C¯1c
	

C¯1
b
Dual graphs of the morphisms f4
where C¯1a
′ is mapped to a general divisor linearly equivalent to C1a and
transverse to it. This concludes the proof of the lemma. ✷
Lemma 3.2 Let f : C¯ := C¯1∪ . . .∪ C¯r −→ X be a stable map of genus zero
and suppose that fi := f |C¯i is a free morphism. If f(C¯1) · f(C¯2) > 0, then
in the same irreducible component of M0,0
(
X, f∗[C¯]
)
containing [f ] there is
a morphism g : D¯1 ∪ . . .∪ D¯r −→ X such that D¯1 and D¯2 are adjacent, g|D¯i
is a free morphism and f∗[C¯i] = g∗[D¯i] for all i’s.
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Proof. Renumbering the components of the domain of f , we may assume
that the curve C¯12 := C¯3 ∪ C¯4 . . . ∪ C¯s is the connected component of C¯3 ∪
C¯4 . . . ∪ C¯r which has a point in common with both C¯1 and C¯2. Moreover,
we may also assume that no component of C¯12 is mapped to a curve in the
same divisor class as C¯1 or C¯2.
Since all the morphisms f |C¯i are free, we may deform f |C¯12 to a free
morphism with irreducible domain C¯ ′12. Consider the morphism
Slf (C¯12)
π //M0,0
(
X, f∗[C¯12]
)
and note that it is dominant on the component of M0,0
(
X, C¯12
)
containing
f |C¯12 . Thus we can find a morphism
f1 : C¯1 ∪ C¯
′
12 ∪ C¯2 ∪ C¯s+1 ∪ . . . ∪ C¯r −→ X
with dual graph
•
•
• • •
•
•	

	

C¯2
	

C¯′12
	

C¯1
Dual graph of f1
We want to deform f1 to a morphism f2 with dual graph
•
•
• •
•
•
•
•	

	

C¯2
	

E¯
	

C¯′12
	

C¯′1
Dual graph of f2
where E¯ is a contracted component. This is immediate considering the
morphism
Slf1(C¯1)
a
// C¯ ′12
and noting that it is dominant.
It is clear that we may similarly deform f2 to a morphism f3 obtained
by sliding C¯ ′1 along C¯2 away from the component C¯
′
12. The dual graph of
the morphism f3 is
•
•
•
•
•
•
•	

	

C¯2
	

C¯′′1
	
 C¯′12
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Dual graph of f3
To conclude we consider the morphism
Slf3(C¯
′
12)
π
//M0,0
(
X, f∗[C¯12]
)
to deform f3|C¯′12 ≃ f1|C¯′12 back to f |C¯12 and conclude the proof of the lemma.
✷
3.2 Easy Cases: P2, P1 × P1 and Blp(P
2)
This section proves the irreducibility of the spaces Mbir
(
X,α
)
where X is
a del Pezzo surface of degree eight or nine. Of course, in the case of P2 this
result is obvious: for a given degree d of the image, the space Homd
(
P1,P2
)
of maps with image of degree d is birational to the set of triples of homoge-
neous polynomials of degree d up to scaling. Since the space Homd
(
P1,P2
)
dominates M0,0
(
P2, d[line]
)
, we deduce the stated irreducibility. Similar
considerations apply to P1 × P1. The result is less obvious for Blp(P
2). We
prove the result for Blp(P
2), but similar techniques would also apply to the
other two cases.
Note that the same result for the cases P2 and P1× P1 follows also from
[KP].
Theorem 3.3 The spaces of stable maps Mbir
(
P2, α
)
, Mbir
(
P1 × P1, β
)
and Mbir
(
Blp(P
2), γ
)
are irreducible for all divisor classes α, β and γ.
Proof. As remarked above, we only treat the case of Blp(P
2). To simplify
the notation, let P denote Blp(P
2). Let f : P1 → Blp(P
2) be a general
morphism in an irreducible component of Mbir
(
P, δ
)
.
We first examine the cases −KP · f∗[P
1] ≤ 3 separately.
If KP ·f∗[P
1] = −1, then f∗[P
1] is the unique (−1)−curve E. In this case
we clearly have M0,0
(
Blp(P
2), E
)
=
{
[f ]
}
.
From now on, we may assume that f(P1) is not a (−1)−curve, and thus
f∗[P
1] is a nef divisor, since the only integral curve on P having negative
square is the exceptional divisor.
Suppose that −KP · f∗[P
1] = 2. It follows easily that f∗(P
1) is the strict
transform of a line in P2. In this case the result is evidently true, since the
mapping space is identified with the linear |f∗(P
1)|.
Suppose that −KP · f∗[P
1] = 3. Let E ⊂ Blp(P
2) be the exceptional
divisor and let L ⊂ Blp(P
2) be an irreducible divisor representing the class
obtained by pulling-back the divisor class of a line in P2. The divisor classes
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of L and E generate the Picard group of Blp(P
2). The canonical divisor
class on Blp(P
2) is K = −3[L] + [E].
We have f∗[P
1] = a · [L] − b · [E], with a ≥ b ≥ 0, since f∗[P
1] is a
nef divisor. Moreover we know that 3a − b = 3, and thus we see that we
necessarily have a = 1 and b = 0. Thus we deduce that Mbir
(
P, f∗[P
1]
)
≃
M0,0
(
P2, [L]
)
≃ P2, in the case of a divisor of anticanonical degree three.
Suppose that −KP · f∗[P
1] ≥ 4. We may use Lemma 3.1 to deform f
to a morphism f ′ : C¯ → P where C¯ = C¯1 ∪ . . . ∪ C¯ℓ are the irreducible
components, all immersed by f ′ and each having anticanonical degree two
or three.
We have a morphism f ′ : C¯ → Blp(P
2), birational to its image, such
that each component of C¯ is mapped to a curve of anticanonical degree two
or three. We already saw that this means that each component represents
one of the two divisor classes [L]− [E] or [L].
Since f(C¯) is connected, if all the components of C¯ were mapped to
curves whose divisor class is [L]−[E] (there are at least two such components
because we are assuming the anticanonical degree of the image is at least
four), then they would all have the same image, which is ruled out by the
fact that f ′ is birational to its image. It follows that at least one component
of C¯, say C¯1, is mapped to the divisor class [L].
Using Lemma 3.2 we may slide all the components of C¯ mapped to the
divisor class [L] − [E] to be adjacent to the component C¯1. After having
done this, let F¯1, . . . , F¯l denote the components mapped to the divisor class
[L]− [E], and let C¯ ′1, . . . , C¯
′
k denote the components mapped to the divisor
class [L], where C¯ ′1 is the only component adjacent to all the components
F¯j and no other component C¯
′
r is adjacent to any F¯j .
Consider the subgraph of the dual graph spanned by the components C¯ ′r;
this is clearly a tree. Suppose that one of the components adjacent to C¯ ′1 is
C¯ ′2. Using Lemma 3.2, we may slide all the components adjacent to C¯
′
1 (and
mapped to [L]) to be adjacent to C¯ ′2, making C¯
′
1 a leaf of the resulting tree.
Similarly, considering the subgraph spanned by the components mapped to
the divisor class [L] different from C¯ ′1, we may again assume that C¯
′
2 is a
leaf, and so on. Eventually we end up with a morphism g : D¯ → Blp(P
2),
where the components of D¯ mapped to [L] − [E] are F¯1, . . . , F¯l and the
components mapped to [L] are H¯1, . . . , H¯k and the dual graph of g is
••••
•
•	
F¯l
...
	
F¯1
	

H¯1??
??
?



	

H¯2 . . . 	

H¯k−1 H¯k
(3.20)
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Note that there are isomorphisms
M0,0
(
Blp(P
2), [L]
)
≃M0,0
(
P2, [line]
)
≃
(
P2
)∨
and
M0,0
(
Blp(P
2), [L]− [E]
)
≃ P1
Thus, since [L] · [L] = 1 and [L] ·([L]− [E]) = 1, we deduce that the space
of all morphisms with dual graph (3.20) is birational to
(
P2
)k
×
(
P1
)l
, and in
particular it is irreducible. Since all the components of the morphisms with
dual graph (3.20) are free smooth rational curves, it follows that this locus
contains smooth points of Mbir
(
Blp(P
2), f∗[P
1]
)
, and therefore we deduce
that the space Mbir
(
Blp(P
2), f∗[P
1]
)
is irreducible. ✷
4 Realizing the Deformation: from Small to Large
Degree
4.1 Growing from the Conics
In this section we prove some results that allow us to deform unions of
conics to divisors which are the anticanonical divisor on a del Pezzo surface
dominated by X. These results will be the main building blocks in the proof
of Theorem 4.5.
Proposition 4.1 Let Xδ be a del Pezzo surface of degree 9−δ such that the
spaces Mbir
(
Xδ, β
)
are irreducible or empty if −KXδ · β = 2, 3. In the case
δ = 8, or equivalently if the degree of Xδ is one, suppose also that all the
rational divisors in the anticanonical linear system are nodal. Let f : Q¯ →
Xδ be a morphism from a connected, projective, nodal curve of arithmetic
genus zero. Suppose that Q¯1 and Q¯2 are the irreducible components of Q¯
and that f∗[Q¯1] and f∗[Q¯2] are conics. If f(Q¯1) · f(Q¯2) ≥ 2, then in the
irreducible component ofM0,0
(
Xδ , f∗[Q¯]
)
containing [f ] there is a morphism
g : C¯ → Xδ such that
• all the irreducible components of C¯ are immersed and represent nef
divisor classes;
• there is a component C¯1 ⊂ C¯ and a standard basis
{
ℓ, e1, . . . , eδ
}
of
Pic(Xδ) with
g∗[C¯1] = 3ℓ− e1 − . . .− eα
for some α ≤ δ;
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• if g∗[C¯1] = −KX8 , then we may choose which of the twelve rational
divisors in | −KX8 | the image of C¯1 is;
• the point [g] is smooth.
Proof. Observe that f represents a smooth point of M0,0
(
Xδ, f∗[Q¯]
)
, since
f∗TX is globally generated on both components of Q¯. Note also that by
considering Slf (Q¯i) we may assume that Qi := f(Q¯i) misses any preassigned
subscheme of X of codimension 2. In particular, we may suppose that Qi
does not contain the intersection points between any two (−1)−curves.
We first take care of the case Q1 ·Q2 = 2: we may assume by Proposition
2.16 that Q1 = ℓ− e1 and Q2 = 2ℓ− e2− e3− e4− e5. It is therefore enough
to smooth Q¯1 ∪ Q¯2 to prove the proposition.
This concludes the proof if δ ≤ 6 since on a del Pezzo surface of degree
at least three there do not exist conics Q1 and Q2 such that Q1 ·Q2 ≥ 3.
Suppose that Q1 ·Q2 ≥ 3. Our first step is to write Q2 as a sum of two
(−1)−curves M1 and M2 so that in some standard basis {ℓ
′, e′1, . . . , e
′
δ} we
have
Q1 +M1 =
(
3ℓ′ − e′1 − . . .− e
′
α
)
+N
where N is a nef divisor. We assume Q1 = A1 = ℓ − e1 (Lemma 2.15).
Here is the explicit decomposition Q2 = M1 +M2 in all the needed cases
(Proposition 2.16):
Q1 ·Q2 = 3
Q2 =
(
5 ; 2, 2, 2, 2, 2, 2, 1, 0
)
M1 =
(
3 ; 1, 2, 1, 1, 1, 1, 1, 0
)
M2 =
(
2 ; 1, 0, 1, 1, 1, 1, 0, 0
)
Q1 ·Q2 = 4
(Q1 +Q2) · e8 = 0
Q2 =
(
5 ; 1, 2, 2, 2, 2, 2, 2, 0
)
M1 =
(
3 ; 1, 2, 1, 1, 1, 1, 1, 0
)
M2 =
(
2 ; 0, 0, 1, 1, 1, 1, 1, 0
)
Q1 ·Q2 = 4
Q1 +Q2 ample (on X8)
Q2 =
(
4 ; 0, 2, 2, 2, 1, 1, 1, 1
)
M1 =
(
3 ; 0, 2, 1, 1, 1, 1, 1, 1
)
M2 =
(
1 ; 0, 0, 1, 1, 0, 0, 0, 0
)
Q1 ·Q2 = 5
Q2 =
(
5 ; 0, 2, 2, 2, 2, 2, 2, 1
)
M1 =
(
3 ; 0, 2, 1, 1, 1, 1, 1, 1
)
M2 =
(
2 ; 0, 0, 1, 1, 1, 1, 1, 0
)
Q1 ·Q2 = 6
Q2 =
(
7 ; 1, 3, 3, 3, 3, 2, 2, 2
)
M1 =
(
3 ; 0, 2, 1, 1, 1, 1, 1, 1
)
M2 =
(
4 ; 1, 1, 2, 2, 2, 1, 1, 1
)
Q1 ·Q2 = 7
Q2 =
(
8 ; 1, 3, 3, 3, 3, 3, 3, 3
)
M1 =
(
3 ; 0, 2, 1, 1, 1, 1, 1, 1
)
M2 =
(
5 ; 1, 1, 2, 2, 2, 2, 2, 2
)
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Q1 ·Q2 = 8
Q2 =
(
11 ; 3, 4, 4, 4, 4, 4, 4, 4
)
M1 =
(
5 ; 1, 2, 2, 2, 2, 2, 2, 1
)
M2 =
(
6 ; 2, 2, 2, 2, 2, 2, 2, 3
)
Let us check that the previous decomposition has the required property:
Q1 ·Q2 = 3 Q1 +M1=T127
(
3ℓ− e1 − . . .− e6
)
Q1 ·Q2 = 4 Q1 +M1=
{
T127
(
3ℓ− e1 − . . . − e6
)
if (Q1 +Q2) · e8 = 0
−KX8 +
(
ℓ− e2
)
if Q1 +Q2 is ample
Q1 ·Q2 = 5 Q1 +M1=−KX8 +
(
ℓ− e2
)
Q1 ·Q2 = 6 Q1 +M1=−KX8 +
(
ℓ− e2
)
Q1 ·Q2 = 7 Q1 +M1=−KX8 +
(
ℓ− e2
)
Q1 ·Q2 = 8 Q1 +M1=−KX8 +
(
3ℓ− e1 − . . .− e7
)
Next we show that we can deform f so that the dual graph of the resulting
morphism f1 is
• • •	

M¯2
	

M¯1
	

Q¯1
(4.21)
Dual graph of f1
where of course M¯i maps to the (−1)−curve with divisor class Mi. To
achieve this, consider
a : Slf (Q¯2) // Q¯1
The morphism a is not constant because f |Q¯2 is free, and hence it is
surjective. We denote with the symbols M1 and M2 both the divisor classes
and the (−1)−curves on X with the same divisor class. Let p¯ ∈ Q¯1 be a
point such that f(p¯) =: p ∈ M1; such a point exists, since Q1 ·M1 ≥ 2 by
inspection.
Thanks to the surjectivity of a, we may find f1 : Q¯1∪ Q¯
′
2 → X such that
a(f1) = p¯, and in particular, the node between Q¯1 and Q¯
′
2 maps to p ∈M1.
Since Q2 ·M1 = 0 and since f1(Q¯
′
2) ∩M1 ∋ p, it follows that f1(Q¯
′
2) ⊃M1.
Thus we have that Q¯′2 = M¯1 ∪ M¯2, where M¯2 maps to the (−1)−curve
M2 ⊂ X; the dual graph of f1 is the one in (4.21): by construction Q¯1 and
M¯1 are adjacent, and by connectedness of Q¯2 it follows that M¯1 and M¯2
are adjacent; the assumption that Q1 does not contain the intersections of
two (−1)−curves shows that there cannot be contracted components. Note
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that the node between M¯1 and M¯2 maps to a node, since the intersection
number M1 ·M2 equals one.
Let us check that f1 represents a smooth point of its moduli space.
Thanks to Proposition 1.17, we have that the sheaf C1 := Cf1 ⊗ ωQ¯1∪Q¯′2 ,
whose global sections represent the obstructions, has degrees given by the
following diagram:
• • •	

M¯2
−1
	

M¯1
≤0
Q¯1
≤−1
Multi-degree of C1
A solid edge means that the sheaf C1 is locally free at the corresponding
node, while a dotted edge means that the sheaf C1 need not be locally free
at that node (we could make sure that the sheaf C1 is locally free by reducing
to the case in whichQ1 intersects transverselyM1, but this is not needed). It
is now clear that C1 has no global sections, and thus the point f1 is smooth.
We smooth the components Q¯1 ∪ M¯1 to a single irreducible component
Q¯′1. We obtain a morphism g
′ : Q¯′1 ∪ M¯2 → X, such that in some standard
basis {ℓ′, e1, . . . , e
′
δ} we have g
′
∗[Q¯
′
1] =
(
3ℓ′− e′1− . . .− e
′
α
)
+N where α ≥ 6
and N is a nef divisor. By construction the anticanonical degree of g′∗[Q¯
′
1]
is three.
In the first two cases above, that is if Q2 equals
(
5 ; 2, 2, 2, 2, 2, 2, 1, 0
)
or
(
5 ; 1, 2, 2, 2, 2, 2, 2, 0
)
, the divisor N above is zero, but in both cases we
may write
Q′1 =
(
3 ; 1, 1, 1, 1, 1, 1, 1, 0
)
+
(
1 ; 1, 1, 0, 0, 0, 0, 0, 0
)
We let C2 be the (−1)−curve with divisor class
(
1 ; 1, 1, 0, 0, 0, 0, 0, 0
)
. By
inspection we see that C2 ·M2 ≥ 1, and therefore we may find a point c¯ of
Q¯2 such that g
′(p¯) ∈ C2. Considering the morphism
a : Slg′(Q¯
′
1)
// M¯2
we let g1 : C¯1 ∪ C¯2 ∪ M¯2 −→ X be a morphism such that a(g1) = c¯, where
we denote by C¯2 the component mapped to C2 and by C¯1 the component
mapped to g′∗[Q¯
′
1] − C2 =
(
3 ; 1, 1, 1, 1, 1, 1, 1, 0
)
. By construction, the dual
graph of g1 is
• • •	

M¯2
	

C¯2C¯1
Dual graph of g1
Smoothing the components C¯2∪M¯2 we conclude the proof of the proposition
in these cases.
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In the remaining cases (the ones for which Q1 + Q2 is ample on a del
Pezzo surface of degree one) we write g′∗[Q¯
′
1] = −KX8 + N , where N is(
ℓ− e2
)
, if Q1 ·Q2 ≤ 7 and N is
(
3ℓ− e1 − . . .− e7
)
, if Q1 ·Q2 = 8.
By assumption the spaceMbir
(
Xδ, g
′
∗[Q¯
′
1]
)
is irreducible. We may there-
fore deform the morphism g′ to a morphism g1 : K¯ ∪ N¯ ∪ M¯2 −→ X, such
that K¯ is mapped to any preassigned rational divisor in | −KX8 | and N¯ is
mapped to a general divisor in |N |. The possible dual graphs for g1 are
• • •	

M¯2
	

N¯K¯
• • •	

M¯2
	

K¯N¯
Possible dual graphs of g1
We smooth the two components M¯2 and the one adjacent to it. In either
case, the proposition is proved: this is obvious if N¯ is adjacent to M¯2; if K¯ is
adjacent to M¯2, note that −KX8 +M2 is the pull-back of the anticanonical
divisor on the del Pezzo surface obtained by contracting M2. This concludes
the proof of the proposition. ✷
Remark. The proof above only requires the existence of one nodal ratio-
nal divisor in | −KX8 |.
Proposition 4.2 Let Xδ be a del Pezzo surface of degree 9−δ. Let f : Q¯→
Xδ be a morphism from a connected, projective, nodal curve of arithmetic
genus zero. Suppose that Q¯1, Q¯2, Q¯3 are the irreducible components of Q¯
and that f∗[Q¯i] is a conic, for all i. If f(Q¯i) · f(Q¯j) = 1 for all i 6= j, then
in the irreducible component of M0,0
(
Xδ, f∗[Q¯]
)
containing [f ] there is an
immersion g : C¯ → Xδ such that C¯ is irreducible and g∗[C¯] = 3ℓ−e1−e2−e3,
for some choice of standard basis {ℓ, e1, . . . , eδ}.
Proof. It is enough to show that we may find a standard basis such that
f∗[Q¯i] = ℓ−ei, for i ∈ {1, 2, 3}, since then smoothing out all the components
we conclude. Denote by Qi the image of Q¯i. Thanks to Proposition 2.16 we
may assume that Q1 = ℓ − e1 and Q2 = ℓ − e2. Looking at the list (2.17)
we easily see that either we may assume that Q3 = ℓ− e3 and we are done,
or Q3 = 2ℓ − e1 − e2 − e3 − e4, up to permutations of the coordinates. In
this last case, we apply T124 to all three divisor classes. Both Q1 and Q2 are
fixed by T124, while T124
(
Q3
)
= ℓ− e3. ✷
4.2 Reduction of the Problem to Finitely Many Cases
This section gathers the information obtained in the previous sections to
prove that the irreducibility of Mbir
(
X,β
)
for all β can be checked by ex-
amining only finitely many cases.
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First we prove two simple results.
Lemma 4.3 Let X be a smooth projective surface and let D ∈ Pic(X) be a
base-point free nef divisor such that D2 > 0. If N is a nef divisor such that
D ·N = 0, then N ≡ 0.
Proof. Let ϕ : X → Pn be the morphism induced by the linear system |D|
and denote by X ′ the image of ϕ. We clearly have that D′ := ϕ∗[D] is an
ample divisor on X ′.
The push-forward of a nef divisor N on X is a nef on X ′: let C ⊂ X ′ be
an effective curve; we have ϕ∗N ·C = N ·ϕ∗C ≥ 0, since ϕ∗C is an effective
curve.
Let N be a nef divisor on X such that N ·D = 0. We have ϕ∗N ·D
′ =
N · ϕ∗D′ = N · D = 0, and therefore by the Hodge Index Theorem we
deduce that either ϕ∗N ≡ 0 or (ϕ∗N)
2 < 0. Since ϕ∗N is nef, it is a limit
of ample divisors and it follows that (ϕ∗N)
2 ≥ 0. We deduce that ϕ∗N ≡ 0
and thus that N is numerically equivalent to a linear combination of curves
contracted by ϕ. Since the intersection form on the span of the contracted
curves is negative definite and N is nef, we deduce that N ≡ 0. ✷
Corollary 4.4 Let X be a del Pezzo surface and let D be a nef divisor on
X which is not a multiple of a conic. If a nef divisor N on X is such that
D ·N = 0, then N = 0.
Proof. The result is obvious in the case X = P2. Thanks to the previous
lemma and the fact that numerical equivalence is the same as equality of
divisor classes on a del Pezzo surface, it is enough to check that a multiple of
a nef divisor class D on X is base-point free and has positive square, unless
D is the divisor class of a conic.
Write D = nδ(−KXδ ) + . . . + n2(−K2) + D
′ as in Corollary 2.5. It is
immediate to check that 2D is base-point free (in fact, unless D = −KX
and X has degree one, then D itself is base-point free). If one of the nα’s is
non-zero, then clearly the square of D is positive (note that all the divisors
appearing in the above expression of D are nef and thus effective since X is
a del Pezzo surface). If all the nα’s are zero, then D = D
′ is a nef divisor
on a del Pezzo surface of degree eight.
If X = P1×P1, let ℓ1 and ℓ2 be the two divisor classes {p}×P
1 and P1×
{p} respectively. Any nef divisor class is a non-negative linear combination
of ℓ1 and ℓ2; thus we may write D = a1ℓ1+a2ℓ2, with a1, a2 ≥ 0. Moreover,
if one of the ai’s were zero, then D would be a multiple of a conic: we deduce
that ai > 0. Thus we compute D
2 = 2a1a2 > 0.
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If X = Blp(P
2), let ℓ and e be the pull-back of the divisor class of
a line and the exceptional divisor under the blow down morphism to P2
respectively. Any nef divisor class is a non-negative linear combination of ℓ
and ℓ − e; thus we may write D = aℓ + b(ℓ − e), with a, b ≥ 0. Moreover,
if a = 0, then D is a multiple of a conic: we deduce that a > 0. Thus we
compute D2 = a(a+ 2b) > 0 and the proof is complete. ✷
We are now ready to prove the main result of the section. The proof
involves several steps and is quite long.
Theorem 4.5 Let X be a del Pezzo surface such that the spacesMbir
(
X,β
)
are irreducible (or empty) for all nef divisors β such that 2 ≤ −KX ·β ≤ 3. In
the case degX = 1, suppose that all the rational divisors in the anticanonical
system are nodal. Then, for any nef divisor D ⊂ X such that −KX ·D ≥ 2,
the space Mbir
(
X,D
)
is irreducible or empty.
Proof. We establish the theorem by induction on d := −KX · D. By hy-
pothesis, the theorem is true if d ≤ 3.
Suppose that d ≥ 4. Let f : P1 → X be a general morphism in an
irreducible component of Mbir
(
X,D
)
. Since the morphism f is a general
point on an irreducible component ofMbir
(
X,D
)
and d ≥ 2, it follows that
f is an immersion and that it is a free morphism.
If there is a (−1)−curve L ⊂ X such that L ·D = 0, then let b : X → X ′
be the contraction of L. We have Mbir
(
X,D
)
≃ Mbir
(
X ′, b∗D
)
, and thus
we reduce to the case in which the divisor D intersects strictly positively
every (−1)−curve. By Theorem 3.3 we may also assume that the degree of
X is at most seven. Thus Proposition 2.4 implies that D is an ample divisor.
Thanks to Lemma 3.1 we may deform f to a morphism g : C¯ → X such
that each component C¯0 ⊂ C¯ is immersed to a curve of anticanonical degree
two or three. We want to show that we may specialize g to a morphism in
which one component is mapped to a multiple of the divisor class −KX . We
will prove this in a series of steps.
Step 1. There is a standard basis {ℓ, e1, . . . , eδ} of Pic(X) and a compo-
nent C¯1 of C¯ mapped birationally either to the divisor class 3ℓ−e1− . . .−eα,
for α ∈ {1, . . . , 7}, or to −rKX8 , for r ∈ {1, 2, 3}. If the image of C¯1 repre-
sents −KX8 , then we can choose to which of the twelve rational divisors in
| −KX8 | the component C¯1 maps. The morphism is free on all the compo-
nents of C¯, except on C¯1 if it represents −KX8 .
The divisors of anticanonical degree two on X are
• the divisor −2KX , if degX = 1;
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• the divisor −KX , if degX = 2;
• the divisor class of a conic.
The divisors of anticanonical degree three on X are
• the divisor −3KX , if degX = 1;
• the divisor −KX −KX′ , if degX = 1 and X
′ is obtained from X by
contracting a (−1)−curve;
• the divisor −KX + C, if degX = 1 and C is the class of a conic;
• the divisor −KX , if degX = 3;
• the divisor ℓ, for some standard basis {ℓ, e1, . . . , eδ}.
Thanks to the irreducibility assumption on the spaces Mbir
(
X,β
)
, for
2 ≤ −KX · β ≤ 3, we reduce to the case in which all components of C¯ are
mapped to either the divisor class of a conic or the divisor class ℓ, for some
choice of standard basis.
We reduce further to the following case:
(⋆)
There is a standard basis {ℓ, e1, . . . , eδ} of Pic(X) such that all
curves of degree three in the image of g have divisor class ℓ.
This is easily accomplished. Suppose that C¯1 and C¯2 are components
of C¯ such that g∗[C¯1] = ℓ1 and g∗[C¯2] = ℓ2, where {ℓi, e
i
1, . . . , e
i
δ} are two
standard basis of Pic(X) and ℓ1 6= ℓ2. We may first of all apply Lemma 3.2
to reduce to the case in which C¯1 and C¯2 are adjacent in the dual graph
of g. If ℓ2 were orthogonal to e
1
1, . . . , e
1
δ , then ℓ2 would be proportional and
hence equal to ℓ1. It follows that ℓ2 is not orthogonal to all the e
1
j ’s. By
permuting the indices if necessary, we may assume that ℓ2 · e
1
1 > 0. Since
g|C¯2 is free, we may assume that g(C¯2) and E := E
1
1 , the (−1)−curve whose
divisor class is e11, meet transversely. Denote by p¯ ∈ C¯2 a point such that
g(p¯) ∈ E. Consider the morphism
Slg(C¯1)
a
// C¯2
and note that it is dominant, since g|C¯1 is free. It follows that we may find
a morphism g1 : C¯
′
1 ∪ C¯2 ∪ . . . ∪ C¯r −→ X such that a(g1) = p¯. We deduce
that g1(C¯
′
1) ∋ p and (g1)∗[C¯
′
1] = ℓ1. Since ℓ1 · e
1
1 = 0, we conclude that
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g1(C¯
′
1) contains E and another (irreducible) component whose divisor class
is ℓ1 − e
1
1. Finally, the subgraph of the dual graph of g1 spanned by C¯
′
1 and
C¯2 is
• • •	

C¯2
	

E¯
	

C¯′′1
Subgraph of the dual graph of g1
where (g1)∗[C¯
′′
1 ] = ℓ1−e
1
1 and (g1)∗[E¯] = e
1
1. We may now smooth E¯∪ C¯2 to
a single irreducible component C¯ ′2 mapped to a curve of anticanonical degree
four. With the usual argument of fixing two general points on the image
of C¯ ′2 we may deform the morphism so that C¯
′
2 breaks in two components
each mapped to a curve of anticanonical degree two. The result of this
deformation was to replace two components mapped to the different divisor
classes ℓ1 and ℓ2 by three components mapped to divisor classes of curves
of anticanonical degree two.
Iterating the previous argument we deduce that we may assume that
condition (⋆) holds.
We first treat the case in which there are no components mapped to ℓ.
If all the irreducible components of the domain of g are mapped to conics,
and two of them have images with intersection number at least two, then
we may use Proposition 4.1 to conclude. If all the conics in the image of
g have intersection number at most one, then there must be at least three
having pairwise intersection products exactly one. Otherwise we would be
able to find a standard basis {ℓ, e1, . . . , eδ} such that the divisor classes of
the components of the image of g are in the span of ℓ−e1 and ℓ−e2. Clearly,
no linear combination of these divisors is ample, since(
ℓ− e1 − e2
)
·
(
a1
(
ℓ− e1
)
+ a2
(
ℓ− e2
))
= 0
Thus there must be at least three components mapped to divisor classes of
conics with pairwise intersection products exactly one. Lemma 3.2 allows us
to assume that three of these components are adjacent and using Proposition
4.2 we conclude.
Suppose now that there is a component mapped to a curve with divisor
class ℓ. Since on a del Pezzo surface of degree at most seven no multiple
of ℓ is ample, it follows that there must be components of the domain of g
mapped to divisor classes of conics.
Suppose that C¯1 is mapped to the divisor class ℓ and C¯2 is mapped to
the divisor class of a conic Q. Thanks to Lemma 3.2 we may assume that
C¯1 and C¯2 are adjacent. Permuting the indices 1, . . . , δ if necessary, we may
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assume that the component C¯2 mapped to the conic Q = aℓ−b1e1−. . .−bδeδ
has largest possible b1. Looking at the table (2.17), it is easy to check that
• if Q is of type H ′, I, J,K,L, then Q+ e1 = −KX8 −KX′ , where X
′ is
obtained by contracting a (−1)−curve on X;
• if Q is of type D′, F,G,H, I ′, then Q+ e1 = −KX8 +Q
′, where Q′ is
a conic;
• if Q is of type C,D,E, then Q+ e1 is already of the required form (for
a different choice of standard basis, when Q = D or E);
• if Q is of type B, then Q+ ℓ is of the required form.
If Q is of type B, then we smooth C¯1 ∪ C¯2 to a single irreducible com-
ponent to conclude. Otherwise, we deform the morphism so that C¯1 breaks
into a component mapped to ℓ− e1 and a component e1 adjacent to C¯2. To
achieve this splitting, consider the morphism
Slg(C¯1)
a
// C¯2
and let p¯ ∈ C¯2 be a point mapped to the (−1)−curve whose divisor class
is e1 (note that Q · e1 ≥ 1). Since the restriction of g to each irreducible
component of its domain free, we may assume that g(p¯), as well as the image
of the node between C¯1 and C¯2 are general points of X. Since the morphism
a is dominant, we may find a deformation g′ of g such that a(g′) = p¯.
This means that the “limiting component” of C¯1 breaks in the desired way.
Smoothing the union of C¯2 and the component mapped to e1, we obtain a
morphism g¯′ : C¯ ′1 ∪ C¯
′
2 → X where g¯
′
∗[C¯
′
1] = ℓ− e1 and g¯
′
∗[C¯
′
2] = Q+ e1. The
hypotheses of the theorem imply that Mbir
(
X, g¯′∗[C¯
′
2]
)
is irreducible since
−KX ·
(
Q + e1
)
= 3. Thanks to the previous analysis of the divisor class
Q+ e1, we conclude considering the dominant morphism
Slg¯′(C¯
′
2)
π
//Mbir
(
X, g¯′∗[C¯
′
2]
)
that we may assume that there is a component of g mapped to the divisor
class 3ℓ− e1 − . . .− eα, for some α ≤ 8.
The only remaining case is the one in which the conic Q is of type A. We
may therefore suppose that if a component of the domain of g is mapped to
the divisor class of a conic, then the divisor class of the image is ℓ− ej for
some j. Since the image of g is an ample divisor, it follows that there must
be components Q¯1, . . . , Q¯δ mapped to ℓ− e1, . . . , ℓ− eδ respectively.
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Repeated application of Lemma 3.2 allows us to assume that the compo-
nent mapped to ℓ and the two components Q¯1 Q¯2 are adjacent. Smoothing
the union of these three components to a single irreducible free morphism,
concludes the first step of the proof.
Step 2. There is a component C¯1 of C¯ mapped to the divisor class
−KXδ , if δ ≤ 7. If δ = 8 (that is, the degree of X = X8 is one), then C¯1
mapped to −rKX8 , for r ∈ {1, 2, 3}. If r = 1, then we may choose to which
rational divisor in | −KX8 | the component C¯1 maps.
If the component C¯1 of Step 1 is mapped to −rKX8 , there is nothing
to prove.
Let C¯1 be the component of g mapped to the divisor class 3ℓ−e1−. . .−eα.
If α = δ, then again there is nothing to prove. Suppose therefore that
α < δ. There is a component of C¯, say C¯2, such that g∗[C¯2] · eα+1 ≥ 1,
since the image of g is an ample divisor; let C2 := g∗[C¯2] Moreover, C1 :=
g∗[C¯1] = 3ℓ − e1 − . . . − eα intersects positively every non-zero nef divisor,
thanks to Corollary 4.4. Thus C1 · C2 > 0 and thanks to Lemma 3.2 we
may assume that C¯1 and C¯2 are adjacent in the dual graph of g. Since
the morphism g|C¯2 is free, we assume also that C2 meets transversely the
(−1)−curve Eα+1 whose divisor class is eα+1. Let p¯ ∈ C¯2 be a point such
that p := g(p¯) ∈ Eα+1. Consider the morphism
Slg(C¯1)
a
// C¯2
and note that it is dominant, since g|C¯1 is free. It follows that we may find
a morphism g1 : C¯
′
1 ∪ C¯2 ∪ . . . ∪ C¯r −→ X such that a(g1) = p¯. We deduce
that g1(C¯
′
1) ∋ p and (g1)∗[C¯
′
1] = 3ℓ−e1− . . .−eα. Since
(
3ℓ−e1− . . .−eα
)
·
eα+1 = 0, we conclude that g1(C¯
′
1) contains Eα+1 and another (irreducible)
component whose divisor class is 3ℓ − e1 − . . . − eα+1. Thus the subgraph
of the dual graph of g1 spanned by C¯
′
1 and C¯2 is
• • •	

C¯2
	

E¯α+1
	

C¯′′1
Subgraph of the dual graph of g1
where (g1)∗[C¯
′′
1 ] = 3ℓ−e1− . . .−eα+1 and (g1)∗[E¯α+1] = eα+1. We may now
smooth E¯α+1 ∪ C¯2 to a single irreducible component C¯
′
2 mapped to a curve
of anticanonical degree three or four. If this new component has degree four,
we break it into two components of anticanonical degree two.
If the degree of X is at least two, iterating this procedure allows us to
produce a component of C¯ whose image represents the divisor class −KX .
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If the degree of X is one, we may apply the same procedure to obtain a com-
ponent C¯1 mapped to −KX8 , but we still have to prove that we may choose
which nodal rational divisor in | −KX8 | is in the image of the morphism.
If the component C¯2 adjacent to the component C¯1 has degree two,
we smooth these two components to a single irreducible one and using the
irreducibility of Mbir
(
X,β
)
, for −KX8 · β = 3 we conclude.
If the component C¯2 adjacent to the component C¯1 mapped to −KX8
has degree three, then it represents one of the five divisor classes −3KX8 ,(
−KX8 −KX7
)
,
(
−KX8 + Q
)
, −KX6 or ℓ, where Q is a conic, −KX7 and
−KX6 are del Pezzo surfaces of degree two and three respectively dominated
by X8.
In the first three cases, we deform the morphism so that the component
C¯2 breaks into a component mapped to a preassigned nodal divisor in | −
KX8 | and into a component where the morphism is free. In these cases,
smoothing the component C¯1 with the component adjacent to it into which
C¯2 broke finishes the proof.
If C¯2 is mapped to −KX6 or ℓ, then we may choose a standard basis so
that −KX6 = 3ℓ − e1 − . . . − e6. The morphism ϕ : X8 → P
2 determined
by the linear system |ℓ| is the contraction of the (−1)−curves with divisor
classes e1, . . . , e8 to the points q1, . . . , q8 ∈ P
2. The image of C¯1 in P
2 is a
nodal plane cubic through the eight points q1, . . . , q8. The image of C¯2 is
either a rational cubic through q1, . . . , q6 or a line. We treat only the case
in which the image of C¯2 is a nodal cubic, since the other one is simpler and
the arguments are similar.
Deform the nodal cubic through q1, . . . , q6 until it contains a general
point q ∈ P2. We may now slide the node between C¯1 and C¯2 along C¯1
until it reaches a point on C¯1 mapped to the point q7 ∈ P
2. As we slide
the node, we let the image of C¯2 always contain the general point q. When
the deformation is finished, the component C¯2 breaks as the (−1)−curve
with divisor class e7 and the divisor class −KX6 − e7. Since the point q is
general, we know that there are only finitely many (in fact twelve) possible
configurations for these limiting positions and we may assume that they
are all transverse to the image of C¯1. Thus the dual graph of the resulting
morphism g′ : C¯1 ∪ C¯
′
2 ∪ E¯7 −→ X8 is
• • •	

C¯′2
	

E¯7
	

C¯1
Dual graph of g′
We may smooth the components C¯1∪ E¯7 to a unique irreducible compo-
nent mapped to a curve of anticanonical degree two. The assumptions of the
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theorem imply that Mbir
(
X8, C1 + e7
)
is irreducible and we may therefore
deform the morphism so that its domain breaks as a preassigned rational
nodal divisor C ′′ in |−KX8 | and a curve mapped to the divisor class e7. The
dual graph of the resulting morphism g′′ is of one of the following types:
• • •	

C¯′2
	

E¯7
	

C¯′′1
• • •	

C¯′2
	

C¯′′1
	

E¯7
Possible dual graphs of g′′
In the first case we smooth E¯7 ∪ C¯
′
2 to a single irreducible component
and conclude. In the second case, we slide the node between C¯ ′′1 and C¯
′
2
until it reaches the node between C¯ ′1 and E¯7, in such a way that the limiting
position of C¯ ′2 does not coincide with the image of C¯
′′
1 (we can do this thanks
to the irreducibility of Mbir
(
X8, C
′′
1 + C
′
2
)
). It follows that the dual graph
of the morphism g¯ thus obtained is
• •
•
•	
 C¯′′2
??????
	
E¯7
E¯
	

C¯′′1
Dual graph of g¯
It is easy to check that g¯ represents a smooth point of M0,0
(
X8, C
′′
1 +
C ′′2 + e7
)
, since the sheaf g¯∗TX8 is globally generated on C¯
′′
2 and has no first
cohomology group on the remaining components, thanks to Lemmas 1.4 and
1.7. We may now smooth the components E¯7∪E¯∪C¯
′′
2 to a single irreducible
component on which the morphism is free to conclude.
A similar and simpler argument proves the same result if C¯2 has divisor
class ℓ. This finishes the proof of this step.
Step 3. We may deform g : C¯ → X to a morphism h : D¯1 ∪ D¯2 → X
where D¯1 and D¯2 are irreducible, h∗[D¯1] = −rKX (r ∈ {1, 2, 3}), h(D¯1) 6=
h(D¯2) and h|D¯2 is free. If the degree of X is at least two, then r = 1. If
the degree of X is one and r = 1, we may choose which rational divisor in
| − KX | h(D¯1) is. Note that we are not requiring h|D¯2 to be birational to
its image.
Thanks to the previous steps, we may assume that g∗[C¯1] = −rKX (with
the required restriction for r) and that all the components of C¯ different from
C¯1 are immersed to curves of anticanonical degree two or three. Let C2, . . . ,
Cr be the components of the image of g different from g(C¯1), and let C¯i be
the component of C¯ whose image is Ci.
The divisor class C2+ . . .+Cr is nef and if it is not a multiple of a conic,
then it meets all nef curves positively, thanks to Corollary 4.4. Thus, still
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assuming that C2+ . . .+Cr is not a multiple of a conic, we may deform the
morphism using Lemma 3.2 and assume that the union of all the components
of the domain of g different from C¯1 is connected. Smoothing the resulting
union C¯2 ∪ . . . ∪ C¯r concludes the proof of this step in this case.
Suppose that C2 + . . . + Cr is a multiple of a conic. Then it follows
that C2 = . . . = Cr = C is a conic. Since g is birational to its image and
two divisors linearly equivalent to the same conic are either disjoint or they
coincide, it follows that the dual graph of g must be
•
• •
...
••	
C¯r
 	
 C¯r−1
??
??
??
	
C¯3



	
C¯2 ??????C¯1
Dual graph of g
By sliding each C¯i along C¯1, we may assume that the images of all the
components mapped to a conic coincide and that the nodes in the source
curve all map to the same general point p ∈ X. Thus the dual graph of the
resulting morphism g′′ is
• •
• •
...
••	
 C¯r
 	
 C¯r−1
??
??
??
	
C¯3



	
 C¯2??????E¯C¯1
Dual graph of g′′
where E¯ is a contracted component whose image is p. The morphism g′′ is a
smooth point ofMbir
(
X, g∗[C¯]
)
since the sheaf (g′′)∗TX is globally generated
on each irreducible component of the domain curve of g′′.
We may smooth all the components E¯∪C¯2∪. . .∪C¯r to a single irreducible
component which represents a multiple cover (in fact a degree r−1 cover) of
its image. The resulting morphism h : D¯1 ∪ D¯2 → X is therefore such that
the image of D¯1 is a rational divisor in the linear system | − rKX | (r = 1
unless the degree of X is one, in which case r ≤ 3), which is an arbitrary
preassigned one in case degX = 1 and r = 1, and the morphism h|D¯2 is a
multiple cover of the divisor class of a conic. This concludes the proof of
the third step.
We may write h∗[D¯2] = n8(−KX8)+ . . .+n2(−K2)+D
′
2 as in Corollary
2.5 (to simplify the notation we will assume that degX = 1; if this is not
the case, simply set to zero all the coefficients nα, with α > 9− degX). Let
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n := [n82 ], if n8 6= 1 and let n = 1, if n8 = 1. Thus we have n8 = 2(n−1)+3,
if n8 is odd and at least three, and n8 = 2n, if n is even.
Step 4. Let S ⊂ X be a nodal rational divisor in the linear system
| − KX |. We may deform h to a morphism k : K¯ := K¯1 ∪ . . . ∪ K¯ℓ −→ X
with the following properties:
P1) the morphism k restricted to each irreducible component of K¯ is free,
except possibly on K¯1;
P2) each irreducible component of K¯ represents one of the divisor classes
−3KX8 , −2KX8 , −KX7 , . . . , −KX2 , D
′
2, except K¯1, whose image may
also be S;
P3) the dual graph of k is
• • • •	

K¯ℓ
	

K¯ℓ−1
· · ·	

K¯2
	

K¯1
Dual graph of k
P4) the component K¯1 is mapped to −3KX8 if n8 is odd and at least three,
to S if n8 = 1 and to −2KX8 if n8 is even and bigger than zero;
P5) the components K¯2, K¯3, . . . , K¯n are mapped to −2KX8 ;
P6) let Nα := n+n7+ . . .+nα+1; the components K¯Nα+1, . . . , K¯Nα−1 are
mapped to −KXα ;
P7) if D′2 6= 0, then K¯ℓ is mapped to D
′
2;
P8) the morphism k|K¯1∪...∪K¯ℓ−1 is birational to its image.
We call a morphism satisfying all the above properties a morphism in
standard form.
By induction on the anticanonical degree of the divisor, we know that
the spaceMbir
(
X,h∗[D¯2]
)
is irreducible (or empty if h∗[D¯2] is a multiple of
a conic and it is clear how to proceed in this case; we will not mention this
issue anymore). We may therefore deform the morphism h|D¯2 to a morphism
l : E¯ := E¯1 ∪ . . . ∪ E¯t −→ X in standard form. Considering the morphism
Slh(D¯2)
π //Mbir
(
X,h∗[D¯2]
)
we may find a deformation l˜ of h such that π(l˜) = l. The dual graph of l˜ is
• • •
•
• •	

E¯t
	

E¯t−1
· · ·	

E¯j
	
D¯1
· · ·	

E¯2
	

E¯1
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Dual graph of l˜
for some 1 ≤ j ≤ t. We want to show by induction on j that we may assume
that j = 1. In the case j = 1 there is nothing to prove.
Suppose j ≥ 2 and consider the morphism
Sl
l˜
(E¯j−1)
a
// E¯j
Unless j = 2 and E¯1 represents | −KX8 |, the morphism a is dominant
and we may find a morphism l1 such that a(l1) is the node between D¯1 and
E¯j . The dual graph of the morphism l1 is
• • • •
•
• • •	

E¯t
	

E¯t−1
· · ·	

E¯j
	

E¯
	
D¯1
	

E¯′j−1· · ·	

E¯2
	

E¯1
Dual graph of l1
and the component E¯ is contracted. The morphism l1 represents a smooth
point of Mbir
(
X,h∗[C¯]
)
, since l∗1TX is globally generated on all components
different from D¯1, and H
1
(
D¯1, l
∗
1TX
)
= 0.
The morphism l1 is also a limit of morphisms with dual graph
• • • •
•
• • •	

E¯t
	

E¯t−1
· · ·	

E¯j
	

E¯′′j−1
	
D¯1
	

E¯j−2· · ·	

E¯2
	

E¯1
Dual graph of morphisms limiting to l1
We can apply the induction hypothesis to these last morphisms to con-
clude that we may deform the morphism f to a morphism m : F¯ :=
D¯1 ∪ F¯1 ∪ . . . ∪ F¯t −→ X, where m|F¯1∪...∪F¯t is a morphism in standard
form and m|D¯1 is birational onto its image and the image is a rational di-
visor in | −KX |, or | − rKX | if degX = 1. We may specify which rational
curve m(D¯1) is if it represents −KX8 , and we assume it is S if and only if F¯1
is not mapped to S. If F¯1 represents a divisor class different from | −KX8 |,
then we may assume that D¯1 is adjacent to F¯1 and conclude; if F¯1 represents
the divisor class | −KX8 |, then D¯1 is adjacent to F¯2 and D¯1 represents the
divisor class −rKX8 for some r ∈ {1, 2, 3}. The divisor represented by F¯2
is either −KXα , for some α ≤ 7 or it is a divisor on a del Pezzo surface of
degree eight, i.e. P1 × P1 or Blp(P
2).
We are only going to treat the case m∗[F¯2] = −KX7 , and m∗[D¯1] =
−KX8 . The remaining cases are simpler and can be treated with similar
techniques.
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Let J ⊂ Mbir
(
X,h∗[C¯]
)
be the closure of the set of morphisms m′ :
D¯′1 ∪ F¯
′
1∪ . . .∪ F¯
′
t −→ X8 such that m
′|F¯ ′2∪...∪F¯ ′t ≃ m|F¯2∪...∪F¯t , m
′|D¯′1 ≃ m|D¯1
the image of F¯ ′2 is a general rational divisor in | −KX7 | and the dual graphs
of m and m′ coincide.
We clearly have a morphism J →Mbir
(
X,−KX7
)
obtained by “restrict-
ing a morphism in J to its F¯ ′2 component.” Since the intersection number
m∗[F¯2] · m∗[D¯1] equals two, it follows that J has at most two irreducible
components. Moreover, even if the space J is reducible, its components
meet. To see this, we construct a point in common to the two components.
Let ψ : X8 −→ P
2 be the morphism induced by the linear system | −KX7 |.
The morphism ψ contracts a (−1)−curve and ramifies above a smooth plane
quartic R. The images of D¯1 and F¯1 are two distinct tangent lines in P
2
which contain the image c of the contracted component and are tangent to
R, but are not bitangent lines to R. The images of the curves F¯ ′2 are tangent
lines to R. Since R has degree four, it follows that there is a point c′ ∈ R
where the image of F¯1 meets transversely R. Through such a point c
′, there
are ten tangent lines to R, different from the tangent line to R at c′. Each
of these lines corresponds to a point in the intersection of the two compo-
nents of J . Moreover, these points in common to the components are easily
seen to be smooth points of the mapping space, using Proposition 1.17. We
deduce that J is connected, and thus in the same irreducible component of
Mbir
(
X,h∗[C¯]
)
containing m there is a morphism m1 with dual graph
• •
•
•
•
• • •	

F¯t
	

F¯t−1
· · ·	

F¯3
	

F¯ ′2
	
F¯ ′′2
	

E¯
	
D¯1
	

F¯1
Dual graph of m1
which agrees with m on the components with the same label and such that
F¯ ′′2 is mapped to the divisor class contracted by ψ and F¯
′
2 is mapped to
a rational divisor in | − KX8 | distinct from the images of D¯1 and F¯1. It
follows from the computations in Step 6, Case 4 below that m1 represents
a smooth point of the mapping space. We may now smooth D¯1 ∪ E¯ ∪ F¯1 to
a single irreducible component G¯1 representing a nodal rational divisor in
| − 2KX8 |. Similarly, we may smooth F¯
′
2 ∪ F¯
′′
2 to an irreducible component
G¯2 representing a nodal rational divisor in |−KX7 |. The resulting morphism
m2 has dual graph
• • • • •	

F¯t
	

F¯t−1
· · ·	

F¯3
	

G¯2
	

G¯1
Dual graph of m2
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This concludes the proof of this step.
We now define a locally closed subset Kβ of M0,0
(
X,β
)
. Let K¯β be the
closure of the set of morphisms in standard form. The subspace Kβ ⊂ K¯β
is the open subset of points lying in a unique irreducible component of
M0,0
(
X,β
)
, or equivalently Kβ is the complement in K¯β of the union of all
the pairwise intersections of the irreducible components of M0,0
(
X,β
)
. In
particular, all the points of K¯β that are smooth points in M0,0
(
X,β
)
lie in
Kβ .
Step 5. The morphisms in standard form are contained in Kβ .
It is enough to prove that a morphism in standard form is a smooth
point of M0,0
(
X,β
)
. Let k : K¯ → X be a morphism in standard form
and let K¯1, . . . , K¯ℓ be the components of K¯. We will always assume that
the numbering of the components is the “standard” one. The morphism k
represents a smooth point of M0,0
(
X,β
)
since k∗TX is globally generated
on all components K¯i, for i ≥ 2 and H
1
(
K¯1, k
∗TX
)
= 0.
Step 6. The space Kβ is connected.
To prove connectedness of Kβ, let k : K¯ → X be a morphism in standard
form and suppose that all the nodes of K¯ are mapped to points ofX not lying
on (−1)−curves. There are such morphisms in all the connected components
of Kβ since k|K¯i is a free morphism, for i ≥ 2 and S is not a (−1)−curve.
Given any k′ : K¯ ′ → X, we construct a deformation from k′ to k entirely
contained in Kβ. This is clearly enough to prove the connectedness of Kβ.
We are going to construct the deformation in stages.
We prove that in the same connected component of Kβ containing k
′
there is a morphism k1 : K¯
1
1 ∪ . . . ∪ K¯
1
ℓ −→ X such that k1|K¯11 ≃ k|K¯1 .
This is true by assumption if k∗[K¯1] = −KX8 , since in this case k(K¯1) =
S = k′(K¯ ′1) and k and k
′ are birational. Thus in this case we may choose
k1 = k
′.
Suppose that k∗[K¯1] 6= −KX8 . Since k
′|K¯i is free for all i’s, we may
assume that k′(K¯i) is not contained in the image of k, for all i’s. Thanks
to Theorem 2.12, Theorem 2.10 and Theorem 3.3, we conclude that there is
an irreducible curve P ⊂ Kk∗[K¯1] ⊂ M0,0
(
X, k∗[K¯1]
)
containing k′|K¯ ′1 and
k|K¯1 . Consider the morphism
Slk′
(
K¯ ′1
) π
//M0,0
(
X, k∗[K¯1]
)
and let P¯ ⊂ π−1(P ) be an irreducible curve dominating P and containing k′.
The curve P¯ has finitely many points not lying in Kβ: they are the points k˜
for which the image of π(k˜) contains a component of k′(K¯ ′2 ∪ . . . ∪ K¯
′
ℓ). By
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construction, P¯ contains a morphism k1 : K¯
1
1 ∪ . . . ∪ K¯
1
ℓ −→ X such that
k1|K¯11 ≃ k|K¯1 and k1|K¯12∪...∪K¯1ℓ
≃ k′|K¯ ′2∪...∪K¯ ′ℓ
. It follows that P¯ ∩Kβ is an
irreducible curve contained in Kβ and containing k
′ and k1. Therefore k
′
and k1 are in the same connected (in fact irreducible) component of Kβ.
Thus to prove that Kβ is connected we may assume that k
′|K¯ ′1 ≃ k|K¯1 .
Suppose that we found a morphism kj−1 in the same connected component
of Kβ as k
′ such that kj−1|K¯j−11 ∪...∪K¯
j−1
j−1
≃ k|K¯1∪...∪K¯j−1 for some 2 ≤ j ≤ ℓ.
If we can find a connected subset of Kβ containing kj−1 and a morphism
kj : K¯
j
1 ∪ . . . ∪ K¯
j
ℓ −→ X such that kj |K¯j1∪...∪K¯
j
j
≃ k|K¯1∪...∪K¯j , then we may
conclude by induction on j.
The remaining part of the proof will examine the several cases separately.
To simplify the notation we assume that j = 2, we write K¯1 also for K¯
1
1
since k|K¯1 ≃ k2|K¯11 , and we let k = k|K¯1∪K¯2 and k1 = k1|K¯1∪K¯12 ; to get the
result for k and k1 simply consider the morphism
Slk1
(
K¯12
) π
//M0,0
(
X, k∗[K¯2]
)
and lift the path inM0,0
(
X, k∗[K¯2]
)
to a path inM0,0
(
X, k∗[K¯]
)
, and note
that the lift lies in the space Kβ .
Case 1: k∗[K¯2] is a multiple of a conic. We may assume that the node
between K¯1 and K¯
1
2 is mapped to the same point where the node between
K¯1 and K¯2 is mapped; denote this point by p2. It follows that the image
of K¯2 is uniquely determined. From the irreducibility of the Hurwitz spaces
([Fu2]) it follows that we may find an irreducible curve in Kβ containing k1
and a morphism k2 as above.
Case 2: k∗[K¯2] = −KXα , for 1 ≤ α ≤ 6. We may assume that the node
between K¯1 and K¯
1
2 is mapped to the same point where the node between
K¯1 and K¯2 is mapped; denote this point by p2.
Since the point p2 does not lie on any (−1)−curve, the space of all
rational divisors in | − KXα | containing the point p2 is isomorphic to the
space of all rational divisors in | −KX˜α |, where X˜α is the blow up of Xα at
p2. It follows from the fact that X˜α is a del Pezzo surface of degree at least
two, that the space of rational curves in | − KX˜α | irreducible and thus we
conclude also in this case.
Case 3: k∗[K¯2] = −KX7 and k∗[K¯1] = −KX7 or −KX8 . The dual
graphs of k and k1 are
• •	

K¯2
	

K¯1
• •	

K¯12
	

K¯1
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Dual graphs of k and k1
and we have k1
(
K¯1
)
· k1
(
K¯12
)
= 2. Consider the diagram
Sbir //
F

S2 //

K¯1 × K¯1
(k|K¯1
,k|K¯1
)

M0,2
(
X,−KX7
) ev
//

X ×X
Mbir
(
X,−KX7
)
//M0,0
(
X,−KX7
)
where all squares are fiber products. The morphism F is dominant and its
fiber over a stable map f has length two, unless the image of f contains
k(K¯1). We denote by S
′
bir ⊂ Sbir the union of the components of Sbir
dominating Mbir
(
X,−KX7
)
. Clearly k and k1 both lie in S
′
bir. Moreover,
since the fibers of F ′ := F |S′
bir
have length two, it follows that S′bir has
at most two components. To prove the connectedness of S′bir, we assume
it is reducible and check that there is a point in Kβ common to the two
components of S′bir. This will conclude the proof in this case.
Consider the morphism ϕ : X → P2 determined by | − KX7 |. We can
factor ϕ as the contraction of the divisor class e8 followed by the double
cover of P2 branched along a smooth plane quartic curve R. The image of
K¯12 is a line tangent to R. The image of the component K¯1 is herself a
tangent line to the branch curve R. Note that in case k∗[K¯1] = −KX7 we
may assume that this tangent line is not a bitangent line nor a flex line. In
case k∗[K¯1] = −KX8 , it follows from the fact that all the rational divisors
in | −KX8 | are nodal that the image of K¯1 is not a flex line; the fact that it
is not a bitangent line follows from the fact that X is a del Pezzo surface.
Let s ∈ P2 be one of the two points such that s ∈ R∩ϕ
(
k(K¯1)
)
, but s is
not the point where R and ϕ
(
k(K¯1)
)
are tangent. Through the point s there
are ten tangent lines to R (counted with multiplicity, and not counting the
tangent line to R at s): tangent lines through s correspond to ramification
points of the morphism R→ P1 obtained by projecting away from the point
s. Since R has genus three and the morphism has degree three, by the
Hurwitz formula we deduce that the degree of the ramification divisor is
ten, as asserted above. Let L ⊂ P2 be one of the tangent lines to R through
s different from ϕ
(
k(K¯1)
)
and let f : P1 → X be a morphism birational to
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its image and whose image is ϕ−1
(
L
)
. The morphism f represents a point of
Mbir
(
X,−KX7
)
above which the two components of S′bir must meet. Such
a point is smooth thanks to Proposition 1.17. This concludes the proof in
this case.
Case 4: k∗[K¯2] = −KX7 and k∗[K¯2] = −2KX8 . The dual graphs of k
and k1 are
• •	

K¯2
	

K¯1
• •	

K¯12
	

K¯1
Dual graphs of k and k1
We reduce this case to the previous on with the following construction.
We deform k and k1 inside Kβ to morphisms k
′ and k′1 respectively with
dual graphs
• • •	

K¯ ′2
	

C¯2
	

C¯1
• • •	

(K¯12 )
′
	

C¯2
	

C¯1
Dual graphs of k′ and k′1
where C¯1 and C¯2 are mapped to two given distinct rational divisors M1 and
M2 in | −KX8 |.
The strategy is the same for k and for k1, therefore we will only describe
the deformation for k. We may deform k|K¯1 to the morphism k
′|C¯1∪C¯2 ,
thanks to the irreducibility ofMbir
(
X,−2KX8
)
. This means we may deform
k to a morphism k¯ which is either k′ or it has dual graph
• • •	

C¯2
	

C¯1
	

K¯2
Dual graph of k¯
Since
(
−KX8
)
·
(
−KX7
)
= 2, there are at most two irreducible compo-
nents of the space of morphisms with dual graph as above. Thanks to the
previous case, we know that this space is connected.
Let k˜′ : L¯ ∪ C¯3 → X be a stable map birational to its image, where
L¯ is mapped to the (−1)−curve with divisor class e8, C¯3 is mapped to a
rational divisor in |−KX8 | different from the images of both C¯1 and C¯2. By
the connectedness established above, the (closure of the) same connected
component of Kβ containing k¯ contains a morphism k˜ : C˜ → X with dual
graph
• • •
•
•	
C¯2
??????
	
C¯1	

E¯
	

C¯3
	

L¯
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Dual graph of k˜
where E¯ is contracted to the base-point of |−KX8 |. To check that k˜ is in Kβ
it is enough to check that k˜ represents a smooth point of M0,0
(
X, k∗[K¯]
)
.
The point represented by k˜ : C˜ → X in M0,0
(
X, k∗[K¯]
)
is smooth if
H0
(
C˜, C
k˜
)
= 0 (we are using the notation of (1.3)). We have a natural
inclusion
H0
(
C˜, Ck˜
)
⊂ H0
(
C˜, k˜∗Ω1X ⊗ ωC˜
)
We prove first that any global section of C
k˜
is zero on L¯ ∪ C¯3 and then
that any global section of k˜∗Ω1X⊗ωC˜ vanishing on L¯∪ C¯3 is the zero section.
The first assertion is clear from Proposition 1.18: there are no non-zero
global sections of C
k˜
on L¯, and since the sheaf C
k˜
is locally free near the
node between L¯ and C¯3, it follows that a global section of Ck˜ must vanish
at the node. Since the degree of the sheaf C
k˜
on C¯3 is zero, it follows that a
global section of C
k˜
must vanish on L¯ ∪ C¯3.
The second assertion is a consequence of the fact that h0
(
C˜, k˜∗Ω1X ⊗
ωC˜
)
= 1, and that a non-zero section of the sheaf k˜∗Ω1X⊗ωC˜ is not identically
zero on C¯3.
To compute h0
(
C˜, k˜∗Ω1X ⊗ ωC˜
)
, we use Serre duality to deduce that
h0
(
C˜, k˜∗Ω1X ⊗ ωC˜
)
= h1
(
C˜, k˜∗TX
)
There is a short exact sequence of sheaves
0 // k˜∗TX
// k∗
L¯
TX ⊕ k
∗
E¯
TX ⊕
⊕
i k
∗
i TX //
⊕
ν a node
of C˜
T
X,k˜(ν)
// 0
Note that the restriction of k˜∗TX to every non contracted component is iso-
morphic toOP1(2)⊕OP1(−1), where the subsheaf of degree two is canonically
the tangent sheaf of the component. The associated long exact sequence to
the sequence above is
0 −→ kh
0
−→ k14 −→ k8 −→ kh
1
−→ 0
Since the images of all the non-contracted components are pairwise trans-
verse (all the intersection numbers are one), and since the only global sec-
tions come from the tangent vector fields, it follows that any global section
must vanish at all nodes. Thus, there are two global sections coming from
the each of the curves L¯, C¯1 and C¯2 and only one coming from C¯3. We
deduce that h0 = 7 and finally h1 = 1, as asserted above.
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Let us go back to the sheaf k˜∗Ω1X⊗ωC˜ . We just computed that this sheaf
has exactly one global section. We have the following decomposition for the
degrees of the restrictions of the sheaf k˜∗Ω1X ⊗ ωC˜ to each component:
• • •
•
•	

(−3,0)
C¯2
??????
	

(−3,0)
C¯1	

(1,1)
E¯
	

(−2,1)
C¯3
	

(−3,0)
L¯
Degrees of the sheaf k˜∗Ω1X ⊗ ωC˜
where the pair of numbers next to a vertex represent the degrees of k˜∗Ω1X ⊗
ωC˜ restricted to the component represented by the corresponding vertex. We
examine the vertex of valence three in the dual graph. Necessary conditions
for a section of k˜∗Ω1X ⊗ ωC˜ on E¯ to extend to a global section are that the
section “points in the right direction” at the nodes. These are clearly linear
conditions and there are three such conditions. Moreover, every section
satisfying the stated conditions extends uniquely to a global section: this
is obvious on the components C¯1 and C¯2. For the remaining components,
note that every global section must vanish at the node between L¯ and C¯3,
since the intersection number k˜(L¯) · k˜(C¯3) equals one, and therefore the
intersection is transverse. Thus every global section of k˜∗Ω1X⊗ωC˜ is uniquely
determined by its restriction to E¯. Thus the only way a section can be
identically zero on C¯3 is if the sections on E¯ all vanish at the node C¯3 ∩ E¯.
Note that the three tangent directions of the images of C¯1, C¯2 and C¯3
at their common point p are pairwise independent. Choose homogeneous
coordinates E1, E2 on E¯ such that [0, 1] = E¯ ∩ C1, [1, 0] = E¯ ∩ C2. Choose
local coordinates u, v on X near p such that the zero set of u is tangent
to the image of C¯1 and the zero set of v is tangent to the image of C¯2.
Rescaling by a non-zero constant u and v we may also assume that the zero
set of u + v is tangent to the image of C¯3. The restrictions of the global
sections of k˜∗Ω1X ⊗ ωC˜ to E¯ are multiples of the section
σ := E0du+E1dv
In particular, if a section vanishes at one of the nodes between E¯ and
C¯i, then it vanishes identically. This concludes the proof that the sheaf Ck˜
has no global sections and thus we conclude that k˜ is a smooth point of
M0,0
(
X, k∗[K¯]
)
.
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We now resume our argument. It is clear that k˜ is also a limit of mor-
phisms k˜′ with dual graph
• • •	

K˜ ′2
	

C¯2
	

C¯1
Dual graph of the morphisms k˜′
which is precisely what we wanted to prove. This completes the reduction
of this case to Case 3, and thus this case is proved.
Case 5: k∗[K¯2] = −KX7 and k∗[K¯1] = −3KX8 . We also reduce this
case to Case 3. As before, thanks to the irreducibility of Mbir
(
X,−3KX8
)
we may deform the morphism k so that k|K¯1 is replaced by the birational
morphism k′ : C¯1∪C¯2 → X, where C¯1 is immersed and represents |−2KX8 |,
and C¯2 is mapped to a given rational divisor in | − KX8 |. After possibly
sliding the component K¯2 along C¯1, we may suppose that the dual graph of
k′ is the following:
• • •	

K¯ ′2
	

C¯2
	

C¯1
Dual graph of k′
Similar remarks apply to k2. This completes the reduction to Case 3 and
the proof in this case.
Case 6: k∗[K¯2] = −2KX8 and k∗[K¯1] = −2KX8 . Since the inter-
section product
(
−2KX8
)2
equals four, and the space Mbir
(
X,−2KX8
)
is
irreducible, it follows that there are at most four irreducible components
of morphisms in standard form representing the divisor class −4KX8 . Let
c : C¯1 ∪ C¯2 −→ X be a stable map birational to its image such that C¯i is
mapped to a (−1)−curve Ci and C1+C2 = −2KX8 . Consider the morphism
Slk(K¯1)
π //Mbir
(
X,−2KX8
)
The morphism π is dominant. Thus we may find a morphism k′ :
C¯1 ∪ C¯2 ∪ K¯2 −→ X such that k
′|C¯1∪C¯2 ≃ c, lying in the same irreducible
component of Kβ as k. We have two possibilities for the dual graph of k
′:
• • •	

K¯2
	

C¯2
	

C¯1
• • •	

C¯2
	

C¯1
	

K¯2
Possible dual graphs of k′
We want to reduce to the case in which K¯2 is adjacent to C¯2. Consider
the morphism
Slk′(K¯2)
a // C¯1
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and as usual this morphism is dominant. This means that we may slide the
node between K¯2 and C¯1 until it reaches the node between C¯1 and C¯2. The
resulting morphism k˜ has dual graph
• •
•
•	
C¯2
	

E¯
?????
	
C¯1	

K˜2
Dual graph of k˜
where E¯ is contracted by k˜. It is easy to check that this morphism represents
a smooth point ofM0,0
(
X,−4KX8
)
and that it is also a limit of morphisms
k˜′ with dual graph
• • •	

K¯2
	

C¯2
	

C¯1
Dual graph of k˜′
Thus we may indeed assume that K¯2 is adjacent to C¯2. Note that since
−2KX8 ·C1 = 2, it follows that there are at most two connected components
in the space of morphisms in standard form representing the divisor class
−4KX8 . To conclude, it is enough to show that we may “exchange” the two
intersection points C2 ∩ k
′(K¯2) by a connected path contained in Kβ .
Consider the morphism ϕ : X → P3 induced by the linear system | −
2KX8 |. We have already seen that the image is a quadric cone Q and that
the morphism is ramified along a smooth curve R which is the complete
intersection of Q with a cubic surface. The (−1)−curves C1 and C2 have
as image the intersection of Q with a plane which is everywhere tangent
to the curve R (and does not contain the vertex of the cone). Let p be
one of the intersection points of ϕ(C2) with R. Projection away from the
tangent line L to R at p determines a morphism πL : R→ P
1 of degree four.
Since the genus of R is four, it follows from the Hurwitz formula that the
degree of the ramification divisor of πL is 14. It is immediate to check that
πL ramifies above the tangent plane to Q at p, and that the ramification
index is two. It is also immediate that above the plane containing ϕ(C2)
the ramification index is two. We deduce that there are planes in the pencil
containing L which are tangent to R and are not the tangent plane to Q at p
nor the plane containing ϕ(C2). Such planes correspond to rational divisors
H in | − 2KX8 | with the property that H ∩ C2 consists of the unique point
ϕ−1(p). Let ν : P1 → X be a birational morphism whose image is one of
the divisors H constructed above. The morphism ν represents a morphism
in Mbir
(
X,−2KX8
)
, and since this space is irreducible, we may deform k˜′
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to a morphism k¯ : C¯1 ∪ C¯2 ∪ H¯ −→ X with dual graph
• • •	

H¯
	

C¯2
	

C¯1
Dual graph of k¯
and such that k¯|H¯ ≃ ν. The morphism k¯ represents a smooth point of the
space M0,0
(
X,−4KX8
)
, thanks to Proposition 1.17. Thus k¯ ∈ Kβ and it
lies in the same connected component of Kβ as k.
Applying the same construction to the morphism k2, we obtain that also
k2 lies in the same connected component of Kβ as k¯. This concludes the
proof of this case.
Case 7: k∗[K¯2] = −2KX8 and k∗[K¯1] = −3KX8 . Let c : C¯1∪C¯2 −→ X
be a morphism birational to its image, such that c(C¯2) is a rational divisor
in | − KX8 | and c(C¯1) is a general rational divisor in | − 2KX8 |. Consider
the morphism
Slk(K¯1)
π
//Mbir
(
X,−3KX8
)
and note that as usual it is dominant. Therefore we may deform k to a
morphism k′ : C¯1 ∪ C¯2 ∪ K¯2 −→ X such that k
′|C¯1∪C¯2 ≃ c.
As before, we may slide the component K¯2 along C¯1 until it reaches C¯2,
and reduce to the case in which K¯2 is adjacent to C¯2. The same considera-
tions of the final step of the previous case allow us to conclude.
This concludes the proof of the connectedness of Kβ .
Step 7. We now simply collect all the information we obtained, to
conclude the proof of the theorem. Step 4 and Step 5 imply (under the
hypotheses of the theorem) that every irreducible component ofMbir
(
X,β
)
is either empty or it contains a point lying in Kβ. Step 6 then implies
that there is at most one component of Mbir
(
X,β
)
containing Kβ . Thus if
Mbir
(
X,β
)
is not empty, then it consists of exactly one irreducible compo-
nent. This concludes the proof of the theorem. ✷
Proposition 4.6 Let X be a del Pezzo surface. If β is a nef divisor which
is not a multiple of a conic, then the space Mbir
(
X,β
)
is not empty.
Proof. We may write
β = n8(−KX8) + . . .+ n2(−KX2) + β
′
where n8, . . . , n2 ≥ 0 and β
′ is a nef divisor on a del Pezzo surface X1 of
degree eight dominated by X (if X ≃ P2 the assertion is obvious).
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If n8 ≥ 2, then we define n and r by the conditions n8 = 2(n − 1) + r,
where r = 2, 3; if n8 = 1, then we define n = r = 1; if n8 = 0, then we define
n = r = 0. Let
Pic
(
P1 × P1
)
≃ Zℓ1 ⊕ Zℓ2 where ℓ1 = {p} × P
1 , ℓ2 = P
1 × {p}
Pic
(
Blp(P
2)
)
≃ Zℓ⊕ Ze where ℓ2 = 1 , ℓ · e = 0 , e2 = −1
and write
β′ = n1
(
ℓ1 + ℓ2
)
+ n0ℓ2 if X ≃ P
1 × P1
β′ = n1ℓ+ n0
(
ℓ− e
)
if X ≃ Blp(P
2)
where n1 ≥ 0, n0 ≥ 0 (we may need to exchange ℓ1, ℓ2). Note that with this
notation the divisor β is multiple of a conic if and only if n8 = n7 = . . . =
n1 = 0.
Choose
• n− 1 distinct rational integral nodal divisors C82 , . . . , C
8
n in | − 2KX8 |;
• a rational integral nodal divisor C81 (different from the previous ones
if r = 2) in | − rKX8 |;
• ni distinct rational integral nodal divisors C
i
1, . . . , C
i
ni
in | −KXi |;
• n1 distinct integral divisors C1, . . . , Cn1 lying in |ℓ1+ℓ2|, ifX1 ≃ P
1×P1
and lying in |ℓ|, if X1 ≃ Blp(P
2);
• an integral divisor C ′ in |ℓ2| or |ℓ− e|.
Having made these choices, we may now consider the stable map of genus
zero f : C¯ → X, with dual graph
• • • • • • •	

C¯′
	

C¯1n1· · ·	

C¯7n7· · ·	

C¯71
	

C¯8n
· · ·	

C¯82
	

C¯81
Dual graph of f¯
where of course we ignore a component if the corresponding curve without
a bar has not been defined. The morphism f on a component D¯ is the
normalization of the curve D followed by inclusion in X, if D 6= C ′, and it
is a multiple cover of degree n0, if D = C
′.
All the restrictions of f to the irreducible components of C¯ different from
C¯81 are free morphisms; the cohomology group H
1
(
C¯81 , f
∗TX
)
is immediately
seen to be zero. Thus we may deform f to a morphism lying inM0,0
(
X,β
)
.
If the general deformation of f were a morphism not birational to its image,
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then f∗[C¯] would not be reduced. Since this is not the case, it follows that
we may deform f to a morphism with irreducible domain, which is birational
to its image. This proves that Mbir
(
X,β
)
6= ∅, if β is not a multiple of a
conic. This concludes the proof of the proposition. ✷
Remark 1. The spaces M0,0
(
X,mC
)
, where C is the class of a conic, are
easily seen to be irreducible, form ≥ 1. Ifm = 1, we haveMbir
(
X,C
)
≃ P1.
Ifm ≥ 1, then there is a morphismM0,0
(
X,mC
)
−→M0,0
(
X,C
)
, obtained
by “forgetting the multiple cover.” The fibers of this morphism are birational
to Hurwitz schemes, which are irreducible ([Fu2]). The irreducibility of
M0,0
(
X,mC
)
follows.
Remark 2. If L is an integral divisor of anticanonical degree one, then either
L is a (−1)−curve, or it is the anticanonical divisor on a del Pezzo surface
of degree one.
If L is a (−1)−curve, the space M0,0
(
X,L
)
has dimension zero and
length one; it therefore consists of a single reduced point and is irreducible.
If L = −KX , the three spaces M0,0
(
X,−KX
)
, M0,0
(
X,−KX
)
and
Mbir
(
X,−KX
)
are all equal and have dimension zero and length twelve.
They are not irreducible. For a general del Pezzo surface of degree one, the
space Mbir
(
X,−KX
)
is reduced and consists of exactly twelve points. This
happens precisely when the rational divisors in | −KX | are all nodal.
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5.1 The Divisor −KX8 −KX7
Here we prove the irreducibility of the spacesMbir
(
X,β)
)
, where the degree
of X is one, β is ample and the anticanonical degree of β is three. We
already saw (Theorem 2.12) that the space Mbir
(
X,−3KX
)
is irreducible.
The following proofs are similar to the proof of Theorem 2.12.
Lemma 5.1 Let X be a del Pezzo surface of degree one. Suppose that all the
rational divisors in |−KX | are nodal and thatMbir
(
X,−2KX
)
is irreducible.
Let L ⊂ X be a (−1)−curve and let b : X → X ′ be the contraction of L.
Then the space Mbir
(
X,−KX −KX′
)
is irreducible.
Proof. Let f : P1 → X be a morphism in Mbir
(
X,−KX − KX′
)
and
suppose that the image of f contains the independent point p. Consider
the space of morphisms of Mbir
(
X,−KX − KX′
)
in the same irreducible
component as [f ] which contain the point p in their image, denote this space
by Mbir(p). It follows immediately from the dimension estimates (1.14)
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that dim[f ]Mbir(p) = 1 and that [f ] is a smooth point of Mbir(p). We may
therefore find a smooth irreducible projective curve B, a normal surface
π : S → B and a morphism F : S → X such that the induced morphism
B → Mbir(p) is surjective onto the component containing [f ]. From [Ko]
Corollary II.3.5.4, it follows immediately that the morphism F is dominant.
We want to show that there are reducible fibers of π. The argument is the
same that appears at the beginning of the proof of Theorem 2.12.
Thus there must be a morphism f0 : C¯ → X with reducible domain
in the family of stable maps parametrized by B, and since all such mor-
phisms contain the general point p in their image, the same is true of the
morphism f0. In particular, since the point p does not lie on any rational
curve of anticanonical degree one, it follows that C¯ consists of exactly two
components C¯1 and C¯2, where each C¯i is irreducible and we may assume
that f0(C¯1) has anticanonical degree one and f0(C¯2) has anticanonical de-
gree two. Denote by Ci the image of C¯i. It also follows from the definition
of an independent point and Proposition 1.17 that f0 represents a smooth
point of Mbir
(
X,−KX −KX′
)
.
There are two possibilities for C1: either it is a (−1)−curve or it is a
rational divisor in the anticanonical system. We want to prove that we may
assume that C1 is not a (−1)−curve.
Suppose C1 is a (−1)−curve. The morphism f0|C¯2 is a free morphism,
because the image contains a general point and has anticanonical degree
two. Moreover the image C2, being a curve of anticanonical degree two, is
one of the following: a conic, the anticanonical divisor on a del Pezzo surface
of degree two dominated by X or a divisor in | − 2KX |. In all these cases
we know that the space Mbir
(
X, (f0)∗[C¯2]
)
is irreducible. Thus we may
deform f0|C¯2 to a curve with two irreducible components, both mapped
to (−1)−curves. Considering the space Slf0(C¯2) we conclude that we may
deform f0 to a morphism f1 : L¯1 ∪ L¯2 ∪ L¯3 → X where each component L¯i
is mapped to a different (−1)−curve Li on X.
We deduce that we have L1 + L2 + L3 = −2KX + L and L1, L2 and L3
are distinct (−1)−curves. Thanks to Lemma 2.18 we conclude that there is
a standard basis {ℓ, e1, . . . , e8} of Pic(X) such that
L1 = −2KX − e1
L2 = e8
L3 = e1
,

L1 = −2KX − (ℓ− e7 − e8)
L2 = ℓ− e7 − e8
L3 = e8
(5.22)
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or 
L1 = −2KX − (ℓ− e7 − e8)
L2 = e1
L3 = ℓ− e1 − e7
(5.23)
after possibly permuting the indices 1, 2 and 3.
The next step in the deformation is to produce a component mapped to
the divisor class −2KX .
In the first case of (5.22), the component L¯1 is adjacent to both L¯2 and
L¯3, since L2 · L3 = 0. We may therefore consider Slf1(L¯1 ∪ L¯3) to smooth
L¯1 ∪ L¯3 to a single component K¯ mapped to −2KX .
In the second case of (5.22), either L¯1 and L¯2 are adjacent and it is
enough to smooth their union to conclude, or L¯2 is adjacent to L¯3 and not
to L¯1. If this happens, then we may smooth the union L¯2 ∪ L¯3 to a single
irreducible component Q¯, mapped to the conic ℓ− e7. Denote the resulting
morphism by f ′1. We may consider the dominant morphism
a : Slf ′1(Q¯) −→ L¯1
and let e¯ ∈ L¯1 be a point mapped to a point lying on the (−1)−curve with
divisor class L2 = ℓ− e7− e8. Since a is dominant, we may find a morphism
f ′′1 such that a(f
′′
1 ) = e¯. By construction, the dual graph of the morphism
f ′′1 is
• • •	

L¯3
	

L¯2
	

L¯1
Dual graph of f ′′1
and we may now smooth L¯1 ∪ L¯2 to conclude.
In the case of (5.23), we first prove that we may assume that L¯2 and
L¯3 are adjacent. If L¯2 and L¯3 are not adjacent, then L¯1 is adjacent to
both L¯2 and L¯3 and we may consider Slf1(L¯1 ∪ L¯2) to smooth L¯1 ∪ L¯2
to a single irreducible component K¯ mapped to a curve with divisor class
K :=
(
5 ; 1, 2, 2, 2, 2, 2, 1, 1
)
. Note that the divisor class of K is the di-
visor class of the anticanonical divisor on a del Pezzo surface of degree
two dominated by X. Thus we know that the space Mbir
(
X,K
)
is ir-
reducible and it contains a point whose image consists of the union of
the two (−1)−curves with divisor classes L′1 :=
(
5 ; 1, 2, 2, 2, 2, 2, 1, 2
)
and
L′2 :=
(
0 ; 0, 0, 0, 0, 0, 0, 0,−1
)
. Considering Slf1(L¯1 ∪ L¯2) we may therefore
deform f1 to a morphism f2 : L¯
′
1 ∪ L¯
′
2 ∪ L¯3 → X such that the image of L¯
′
i
is the (−1)−curve L′i. Thus we have
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
L′1=
(
5 ; 1, 2, 2, 2, 2, 2, 1, 2
)
L′2=
(
0 ; 0, 0, 0, 0, 0, 0, 0,−1
)
L3=
(
1 ; 1, 0, 0, 0, 0, 0, 1, 0
) T127−−−−→

L′1=
(
6 ; 2, 3, 2, 2, 2, 2, 2, 2
)
L′2=
(
0 ; 0, 0, 0, 0, 0, 0, 0,−1
)
L3=
(
0 ; 0,−1, 0, 0, 0, 0, 0, 0
)
which is (up to a permutation) the first case of (5.23).
We still need to examine the case in which L¯2 and L¯3 are adjacent and
are given by the second set of equalities in (5.23). Smoothing the union
L¯2 ∪ L¯3 to a single irreducible component Q¯ we obtain a morphism f2 with
dual graph
• •	

Q¯
	

L¯1
Dual graph of f2
and {
(f2)∗L¯1 =
(
5 ; 2, 2, 2, 2, 2, 2, 1, 1
)
(f2)∗Q¯ =
(
1 ; 0, 0, 0, 0, 0, 0, 1, 0
)
Let p¯ ∈ L¯1 be a point such that f2(p¯) ∈ M , where M ⊂ X is the
(−1)−curve with divisor class ℓ− e7 − e8. Considering the morphism
Slf2(Q¯)
a
// L¯1
we deduce that we may slide Q¯ along L¯1 until the node between these
two components reaches the point p¯. When this happens, the image of
the limiting position of the image of Q¯ contains a point of M . Since the
intersection product (f2)∗[Q¯] ·M equals zero, it follows that the image of
the limiting position of Q¯ must contain M . Thus the limit of the morphism
f2 under this deformation is a morphism f3 whose dual graph is one of the
graphs
• • •	

E¯8
	

M¯
	

L¯1
• •
•
•	
E¯8
	

E¯
?????
	

M¯
	

L¯1
Possible dual graphs of f3
where E¯8 is mapped to the divisor class e8, and the component E¯ is con-
tracted by f3. The second case happens if the (−1)−curve with divisor class
e8 contains the point f2(p¯). In both cases the point represented by f3 lies in
a unique irreducible component of M0,0
(
X,−KX −KX′
)
: in the first case
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thanks to Proposition 1.17; in the second case thanks to Lemma 2.11 and
the fact that the intersection number (f2)∗[L¯1] ·E8 is one.
We may therefore deform L¯1∪ E¯∪ M¯ to a unique irreducible component
K¯ mapped to the divisor K with class
(
6 ; 2, 2, 2, 2, 2, 2, 2, 2
)
= −2KX .
Thus in all cases we found a morphism in the same irreducible compo-
nent of Mbir
(
X,−KX − KX′
)
as f whose image contains a nodal integral
divisor in | − 2KX |. Let E ⊂ M0,0
(
X,−KX −KX′
)
be the subspace con-
sisting of those morphisms containing a component mapped birationally to
an irreducible divisor in −2KX . We are going to prove that the space E
is connected and contained in the smooth locus of M0,0
(
X,−KX −KX′
)
.
This concludes the proof of the irreducibility of Mbir
(
X,−KX −KX′
)
.
Any morphism [f : K¯∪E¯8 → X] ∈ E is determined by its image together
with one of the points f(K¯ ∩ E¯8) ∈ K ∩E8. Since −2KX ·E8 = 2, it follows
that E has at most two irreducible components.
Suppose E has two irreducible components. Consider the morphism
ϕ : X → P3 induced by the linear system | − 2KX |. We have already
seen that the image is a quadric cone Q and that the morphism is ramified
along a smooth curve R which is the complete intersection of Q with a
cubic surface. The (−1)−curve E8 has as image the intersection of Q with
a plane which is everywhere tangent to the curve R (and does not contain
the vertex of the cone). Let e be one of the intersection points of ϕ(E8)
with R. Projection away from the tangent line L to R at e determines a
morphism πL : R→ P
1 of degree four. Since the genus of R is four, it follows
from the Hurwitz formula that the degree of the ramification divisor of πL
is 14. It is immediate to check that πL ramifies above the tangent plane to
Q at e, and that the ramification index is two. It is also immediate that
above the plane containing ϕ(E8) the ramification index is two. We deduce
that there are planes in the pencil containing L which are tangent to R and
are not the tangent plane to Q at e nor the plane containing ϕ(E8). Such
planes correspond to rational divisors H in | − 2KX | with the property that
H ∩ E8 consists of the unique point ϕ
−1(e). Let ν : H¯ → X be a birational
morphism whose image is one of the divisors H constructed above. The
morphism ν represents a morphism inMbir
(
X,−2KX
)
, and since this space
is irreducible by assumption, we may deform f to a morphism f¯ : H¯∪E¯8 −→
X, such that f¯ |H¯ ≃ ν. Thus f¯ ∈ E and it clearly lies in the intersection of
the two irreducible components of E. The space E is therefore connected.
Applying Proposition 1.17 we immediately see that all the points of E
are smooth in M0,0
(
X,−KX −KX′
)
, and thus we conclude that the space
Mbir
(
X,−KX −KX′
)
is irreducible. ✷
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5.2 The Divisor −KX8 +Q
We prove now a similar result for the Divisor −KX8 +Q.
Lemma 5.2 Let X be a del Pezzo surface of degree one and suppose that
all the rational divisors in | −KX | are nodal. Let Q be the divisor class of
a conic, then the space Mbir
(
X,−KX +Q
)
is irreducible.
Proof. Let f : P1 → X be a free morphism birational to its image, such that
f∗[P
1] = −KX +Q. As before, we may assume that the image of f contains
a general point p. Since there is a one parameter family of deformations of f
whose image contains the general point p, we may deform f to a morphism
f ′ : C¯1 ∪ C¯2 −→ X such that −KX · f
′
∗[C¯i] = i. Since p is general and
contained in the image of f ′ and there are no rational cuspidal divisors in
| −KX |, it follows that the point represented by f
′ in Mbir
(
X,−KX +Q
)
is smooth.
Our next step is to show that we may assume that f ′∗[C¯1] = −KX .
Suppose that f ′∗[C¯1] is a (−1)−curve L ⊂ X. We may choose a stan-
dard basis {ℓ, e1, . . . , e8} such that Q = ℓ − e1 and thus −KX + Q =(
4 ; 2, 1, 1, 1, 1, 1, 1, 1
)
. By examining [Ma] Table IV.8, we see that the only
possible ways of writing −KX +Q as a sum of a (−1)−curve C1 and a nef
divisor class C2 are (up to permutation of the coordinates 2, . . . , 8):
−KX+Q =

(
3 ; 2, 1, 1, 1, 1, 1, 1, 0
)
+
(
1 ; 0, 0, 0, 0, 0, 0, 0, 1
)(
2 ; 1, 1, 1, 1, 1, 0, 0, 0
)
+
(
2 ; 1, 0, 0, 0, 0, 1, 1, 1
)
(
1 ; 0, 0, 0, 0, 0, 0, 1, 1
)
+
(
3 ; 2, 1, 1, 1, 1, 1, 0, 0
)(
0 ; −1, 0, 0, 0, 0, 0, 0, 0
)
+
(
4 ; 3, 1, 1, 1, 1, 1, 1, 1
)
(
1 ; 1, 1, 0, 0, 0, 0, 0, 0
)
+
(
3 ; 1, 0, 1, 1, 1, 1, 1, 1
)(
0 ; 0, 0,−1, 0, 0, 0, 0, 0
)
+
(
4 ; 2, 1, 2, 1, 1, 1, 1, 1
)
(5.24)
The automorphisms of Pic(X) of the form T1jk preserve the conic Q, for
all 1 < j < k ≤ 8. We use these automorphisms to reduce the number of
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cases. We have
T167
((
3 ; 2, 1, 1, 1, 1, 1, 1, 0
)
+
(
1 ; 0, 0, 0, 0, 0, 0, 0, 1
))
=
=
(
2 ; 1, 1, 1, 1, 1, 0, 0, 0
)
+
(
2 ; 1, 0, 0, 0, 0, 1, 1, 1
)
T178
((
1 ; 0, 0, 0, 0, 0, 0, 1, 1
)
+
(
3 ; 2, 1, 1, 1, 1, 1, 0, 0
))
=
=
(
0 ; −1, 0, 0, 0, 0, 0, 0, 0
)
+
(
4 ; 3, 1, 1, 1, 1, 1, 1, 1
)
T123
((
1 ; 1, 1, 0, 0, 0, 0, 0, 0
)
+
(
3 ; 1, 0, 1, 1, 1, 1, 1, 1
))
=
=
(
0 ; 0, 0,−1, 0, 0, 0, 0, 0
)
+
(
4 ; 2, 1, 2, 1, 1, 1, 1, 1
)
We therefore only need to consider the first, third and fifth case in list
(5.24). We reduce the first and third case to the fifth one.
If C¯1 is mapped to the divisor class
(
3 ; 2, 1, 1, 1, 1, 1, 1, 0
)
, then we con-
sider the morphism
Slf ′(C¯2)
a
// C¯1
Since f ′|C¯2 is a free morphism, a is dominant. Let p¯ ∈ C¯1 be a point
such that p := f ′(p¯) lies on the (−1)−curve with divisor class e1. Let
g : C¯1 ∪ E¯1 ∪ C¯
′
2 −→ X be a morphism such that a(g) = p¯. By construction,
the dual graph of g is
• • •	

C¯′2
	

E¯1
	

C¯1
Dual graph of g
where E¯1 is mapped to the divisor class e1 and C¯
′
2 to the divisor class
ℓ − e1 − e8. We now smooth the union C¯1 ∪ E¯1 to a single irreducible
component. Thus, after a permutation of the indices, we reduced to the
fifth case in (5.24).
If C¯1 is mapped to the divisor class e1, then we proceed similarly: break
C¯2 into a component mapping to the divisor class
(
3 ; 2, 1, 1, 1, 1, 1, 1, 0
)
adjacent to C¯1, and a component mapped to the divisor class ℓ − e1 − e8.
Smoothing the union of the component C¯1 with the component mapped to(
3 ; 2, 1, 1, 1, 1, 1, 1, 0
)
reduces us to the fifth case in (5.24).
Suppose therefore that the component C¯1 is mapped to ℓ−e1−e2 and the
component C¯2 is mapped to 3ℓ−e1−e3− . . .−e8. As above, we may deform
the morphism f ′ to a morphism g so that the component C¯2 breaks into
a component E¯2 adjacent to C¯1 and mapped to e2, and into a component
C¯ ′2 mapped to the divisor class −KX . Smoothing the union E¯2 ∪ C¯
′
2 to a
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single irreducible component, we obtain a morphism g′ : C¯1 ∪ Q¯ −→ X,
where C¯1 is mapped to −KX and Q¯ is mapped to Q. Note that we have
at the moment no control over which rational divisor in the linear system
|−KX | the component C¯1 is mapped to. Remember that with our choice of
standard basis we have Q = ℓ−e1. We may write Q =
(
ℓ−e1−e8
)
+e8, and
since −KX ·e8 = 1, there is a unique point c¯ of C¯1 whose image c ∈ X lies in
E8, the (−1)−curve on X with divisor class e8. Considering the dominant
morphism
Slg′(Q¯)
a
// C¯1
we may find a morphism h : C¯1 ∪ E¯8 ∪ Q¯
′ −→ X such that a(h) = c¯. The
dual graph of h is
• • •	

Q¯′
	

E¯8
	

C¯1
Dual graph of h
Smoothing the components C¯1∪E¯8 to a single irreducible component K¯
′
we obtain a morphism h′ : K¯ ′∪Q¯′ −→ X such that Q′ := h′∗[Q¯
′] = ℓ−e1−e8
and h′∗[K¯
′] = −KX+e8 = −KX′ , where X
′ is the del Pezzo surface obtained
from X by contracting the (−1)−curve E8.
Let H ⊂ Mbir
(
X,−KX + Q
)
be the space of morphisms whose image
contains E8 and an integral rational divisor in |−KX′ |. We have a dominant
morphism
π : H −→Mbir
(
X,−KX′
)
whose fibers have length two, since −KX′ · Q
′ = 2. It follows that H has
at most two irreducible components. Note that the fibers of π over the
general point of Mbir
(
X,−KX′
)
are smooth points of Mbir
(
X,−KX +Q
)
.
It follows that the spaceMbir
(
X,−KX+Q
)
itself has at most two irreducible
components, and is irreducible if H is. We prove that if H is reducible, then
we can find a smooth point ofMbir
(
X,−KX+Q
)
lying in the intersection of
the two components of H. This is enough to imply thatMbir
(
X,−KX+Q
)
is irreducible.
Suppose thus that H as two irreducible components. Let ϕ : X → P2
be the morphism induced by the linear system −KX′ . The morphism ϕ is
the contraction of E8 to X
′ followed by the anticanonical double cover of P2
ramified above a smooth plane quartic R. The image of Q′ in P2 is a conic
Q˜ containing the image of E8 and everywhere tangent to R. The image of
K ′ is a tangent line to R. To conclude it is enough to find a line in P2 which
is tangent to both R and Q˜ at a point not on R. The dual curve of R is a
plane curve of degree twelve and the dual curve of Q˜ is a plane conic. Thus
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they meet along a scheme of length 24 and they are tangent at the points
corresponding to the points where R and Q˜ are tangent. Since there are four
such points, it follows that we may find a line which is tangent to R and Q˜
at distinct points. Such a line corresponds to a point in the intersection of
the two components of H. Using Proposition 1.17 it is easy to check that
this point is smooth inMbir
(
X,−KX +Q
)
. This completes the proof of the
lemma. ✷
6 Conclusion
6.1 The Irreducibility of Mbir
(
Xδ, β
)
We are now ready to prove the main theorems of this article.
Theorem 6.1 Let Xδ be a del Pezzo surface of degree 9−δ ≥ 2. The spaces
Mbir
(
Xδ , β
)
are irreducible or empty for every divisor β ∈ Pic(Xδ).
Proof. Suppose Mbir
(
Xδ, β
)
is not empty. Then β is represented by an
effective integral curve on Xδ .
If β is not nef, then it follows that β2 < 0. We deduce that β is a positive
multiple d of a (−1)−curve. If d = 1, then Mbir
(
Xδ, β
)
consists of a single
point. If d > 1, then the spaceMbir
(
Xδ, β
)
is empty. In this case, the space
M0,0
(
Xδ , β
)
is irreducible, since it is dominated by the space of triples of
homogeneous polynomials of degree d in two variables.
Suppose now that β is a nef divisor. Thanks to Theorem 4.5, we simply
need to check that on a del Pezzo surface of degree at least two, the spaces
Mbir
(
Xδ , β
)
are irreducible for all effective integral divisor classes β such
that −KXδ ·β equals two or three. The divisors of degree two on Xδ are the
conics and, if δ = 7, the divisor −KX7 . If β is a conic, then Mbir
(
Xδ, β
)
is
isomorphic to P1. If β = −KX7 , then Mbir
(
X7,−KX7
)
is isomorphic to a
smooth plane quartic curve, Proposition 2.8.
The nef divisors of degree three on Xδ are −KX6 and ℓ, where X6 is a del
Pezzo surface of degree three dominated by Xδ and ℓ is part of a standard
basis {ℓ, e1, . . . , eδ}. The first case is treated in Proposition 2.7, the second
case is treated in Theorem 3.3. This concludes the proof of the theorem. ✷
Theorem 6.2 Let X8 be a general del Pezzo surface of degree one. The
spaces Mbir
(
X8, β
)
are irreducible or empty for every divisor β ∈ Pic(Xδ),
with the unique exception of β = −KX8. The space Mbir
(
X8,−KX8
)
is a
reduced scheme of length twelve.
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Proof. Proceeding as before, we only need to prove the irreducibility of
Mbir
(
X8, β
)
for the nef divisors of anticanonical degree two or three. The
nef divisor classes on X8 which are not ample, are the pull-back of nef
divisor classes from del Pezzo surfaces of larger degree. Thus we only need
to consider ample divisor classes of anticanonical degree two or three.
The only ample divisor of degree two is −2KX8 and the mapping space
Mbir
(
X8,−2KX8
)
is irreducible thanks to Theorem 2.10.
The ample divisor classes of degree three onX8 are −3KX8 , −KX8−KX7
and −KX8 + Q, where X7 is a del Pezzo surface of degree two dominated
by X8 and Q is the divisor class of a conic. The space Mbir
(
X8,−3KX8
)
is irreducible thanks to Theorem 2.12. The space Mbir
(
X8,−KX8 −KX7
)
is irreducible thanks to Lemma 5.1. The space Mbir
(
X8,−KX8 + Q
)
is
irreducible thanks to Lemma 5.2. This concludes the proof of the theorem.
✷
Remark. The genericity assumption on X8 in the statement of the Theorem
6.1 can be made more explicit. Our argument requires the surfaceX8 to have
only nodal rational divisors in | −KX8 | and the space Mbir
(
X8,−2KX8
)
to
be irreducible. This last condition in turn is certainly satisfied (cf. Theorem
2.10 and its proof) if the ramification curve R ⊂ P3 of the morphism ϕ :
X8 → P
3 induced by −2KX8 does not admit planes P ⊂ P
3 transverse to
the image of ϕ and intersecting R along a divisor of the form 3
(
(p) + (q)
)
.
As a corollary of the above Theorems, we deduce the irreducibility of
the Severi varieties of rational curves on the del Pezzo surfaces. Let β be a
divisor class in Pic(Xδ) and let V0,β ⊂ |β| be the closure of the set of points
corresponding to integral rational divisors. We call V0,β the Severi variety
of rational curves on X with divisor class β.
Corollary 6.3 Let Xδ be a del Pezzo surface of degree 9 − δ ≥ 2. The
Severi varieties V0,β of rational curves on Xδ are either empty of irreducible
for every divisor β ∈ Pic(Xδ). ✷
Corollary 6.4 Let X8 be a general del Pezzo surface of degree one. The
Severi varieties V0,β of rational curves on X8 are either empty or irreducible
for every divisor β ∈ Pic(X8), with the unique exception of β = −KX8 . ✷
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